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Abstract—Imagine the vector y = X[ + ¢ where
B € R™ has only k£ non zero entries and ¢ € R"
is a Gaussian noise. This can be viewed as a linear
system with sparsity constraints corrupted with noise.
We find a non-asymptotic upper bound on the error
probability of exact recovery of the sparsity pattern
given any generic measurement matrix X. By draw-
ing X from a Gaussian ensemble, as an example, to
ensure exact recovery, we obtain asymptotically sharp
sufficient conditions on n which meet the necessary
conditions introduced in (Wang et al., 2008).

I. INTRODUCTION

We study the performance of the maximum
likelihood estimate of § € R™, with k£ nonzero
entries, based on the observation of the following
linear model:

y=XB+e,

where X € R™ ™ is a set of perturbation
vectors, y € R™ is the output measurement and
€ € R™ is the additive measurement noise, as-
sumed to be zero-mean and with known covariance
matrix equal to 021, ,. Each row of X and the
corresponding entry of y is viewed as an input and
output measurement, respectively. And, because of
that, n is the number of measurements. Set a lower
bound (3,,;, on the absolute value of the non-zero
entries of § and assume o = 1; this entails no loss
of generality, by the rescaling of [3,,,,,. Finally, ||.||
stands for the /o-norm for the remainder of this
paper.

The following definition will be useful for the
remainder of this discussion:

Definition 1. Consider a set of integers T
{t1,.. ., ty7|}, such that:

1<t <m, i=1,....|T)

We say B € R™ has sparsity pattern 7 if only
entries with indices i € T are nonzero. We shall
generally denote by X7 € R™ 7| the matrix
obtained from X by extracting |T| columns with
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indices i obeying i € T. Further, let ST and 1ls,
denote the corresponding column space of X1 and
projection matrix into St, respectively.

Assuming 7 is the true sparsity pattern we can
use X and X7 (7, interchangeably. Furthermore,
we consider measurements X such that any &
column of X are linearly independent. This ensures
that for any F # F’ the subspaces Sx and Sx
are different and have dimension equal to |F| =
k which is an identifiability criterion. Therefore,
dim(Sz) = |F| for any F such that |F| < k. The
optimum maximum likelihood decoder is defined
as:

T = argmin (7 — s, )yl

for all |F| = k.

We present an upper bound on the probability
of declaring a wrong sparsity pattern based on
the optimum maximum likelihood decoder for any
measurement matrix X. We say that sparse pattern
recovery is reliable when the probability that the
optimum decoder declares the true sparsity pattern
goes to one when n — oco. Asymptotic analysis
has been done for random measurement matrices
(Wainwright, 2007; Akcakaya and Tarokh, 2008;
Fletcher et al., 2008; Wang et al., 2008). Our
methods is different than those used in (Wain-
wright, 2007; Akcakaya and Tarokh, 2008; Fletcher
et al.,, 2008; Wang et al., 2008) and applies to
any generic measurement matrix X. Wainwright
analyzed the average error probability for Gaussian
measurements (Wainwright, 2007) and different
error metrics were analyzed in (Akcakaya and
Tarokh, 2008). The necessary conditions for exact
reliable sparse recovery for sparse versus dense
random measurements is examined in (Wang et al.,
2008). Furthermore, they generalized the necessary
conditions established for Gaussian measurements
in (Wainwright, 2007) to random measurement
matrices with i.i.d entries and bounded variance.
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II. GENERAL MEASUREMENT

The probability that we declare the sparsity
pattern F when the true sparsity pattern is 7 is
denoted Pr[F|X]. We introduced it as a condi-
tional probability given the measurement matrix X.
Later we consider random matrix measurement as
a special case of our result.

Theorem 2. The probability Prr[F|X] that
the optimum decoder declares F when T is
the true sparsity pattern, given any generic
measurment matrix X, is upper bounded by
Pd€7aHUﬁnSF)XT*?ﬁT*FHa where o = #

pzwgﬁand|f—7\=d.

It is interesting to see that error rate
depends  exponentially on the projection
of Xy_rBr_7 to Sz°  Furthermore,
note (I - Ts.)X7 587 7| >
sin?0r 77| X7_7Br_#|%  the  smallest
canonical or principle angle between Sz and
S7_ 7 defined as:

cosOr 7_F5 = max max
vESE,|[v|2=1uEST_£,||u|2=1

The probability that there exist a sparsity pattern
F # 7T which is declared by the optimal de-
coder when the true sparsity pattern is 7 is upper
bounded by the union bound }_ »_, - Pr[F|X]. For
any 1 > d > k there exist (Z) (m;k) sparsity pat-
terns F such that |F —7|=d and |F| = |T| = k.

A. Proof of Theorem 2

Lemma 3. Define Z = y* (Ils, — Ils, )y, where
y ~ N (X187, Inxn) and let |F — T| = d, then

—dlog(V2 — %)
_HHchXTgfﬁT—fHQ(?) _ 2\/5)

Proof. First note that for y ~ N (u, Iyxn), we
have:

logEexp Zt <

_ ey
tyT vy _ tpte) " U(pte) € 2
Ee = /e (27r)"/2 de

emT\pM+2t2MT\IJ(I—2t\1/)*1\1/M

det(I — 2tW)z

_la—2t9)1/2(c—cq) |2
2

€,

/ (2m)n/2 det (I — 2tW)~ 2

where €y = 2t(I — 2tW) ='Wy, Therefore, for p =
X,B and ¥V = HSF — HST:

logEexp(Zt) = 2t2uTW(I —2t0) 'y

1
+tut Oy — §logdet(172t\11),
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for |t| < 1/2.If |T — F| = d then IIs, —IIs, has
d positive eigenvalues and d negative eigenvalues.
For every positive eigenvalue there exist a corre-
sponding negative eigenvalue with the same magni-
tude. Furthermore, the eigenvalues of the difference
of two projection matrices are upper bounded by
one. And, because of that, (I — 2¢tW) is positive
definite for ¢ < 1/2, ||(I—2tW)~ |y < (1—2t)~1
and I — 2tW¥ has 2d eigenvalues lower bounded by
1—2t whereas the rest n—2d eigenvalues are equal
to one. Finally, note that because © = X3 € S,
we have:

wop — s e X BJ?
pr = |[Tsee X617
where Ils,c = I — Ils,. As a consequence of

the points made in the previous paragraph and
the form of the cumulant distribution, we obtain
the following bound on the cumulant distribution
function :
logEexp(Zt) < —dlog(l —u?)
HHS}‘CXB”Q u’
2 Ty

—Uu

b

for u = 2t. Since this inequality is true for any

|u| < 1 we take the supremum of u — ;“— which

is equal to 3 — 2v/2atu=1- g and obtain the
following bound:

logEexp(Zt) < —M(S—Q\/ﬁ)
- dlog(\f—%).

The rest follows from:

(s; —Usz)X7Br = (I —Isz)X7_rBr-F.

The optimum decoder declares F when the true
sparsity pattern is 7 only if ||(I —ILs, )y|| > |[(I—
s, )y, therefore, by defining Z = yT (s, —
IIs, )y and exploiting the Chernoff inequality, we
obtain the following bound:

PriFIX] = Priy"(ls, — s, )y > 0|X]
= Prle?' > 1]X]
< inf Eexp(Zt)
[t1<3
< pdefaHHS}_cX[iHQ’
for o = 3_3‘/5 and p = 2\/%71.
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III. GAUSSIAN MEASUREMENT

In this section we present the average error
probability for random measurement matrices and
the asymptotic upper bound on n to ensure exact
sparsity recovery for the model defined in section
L.

Lemma 4. For Gaussian measurement matrices,
with X;; ~ N(0,1) the average probability that
the optimum decoder declares F is upper bounded

n—k 2
by e~ "7 log(1+2adB,5)+d \where T the true spar-
=dand a = 3_37‘/5

sity pattern,

Proof is given in section V. It is worth mention-
ing other known upper bounds for Pr[F]. Wain-
wright found the following bound (Wainwright,
2007):

(n— ’Wﬁmm
PT[f] S 36 12(d,5 +s)
Theorem 5. If
log k(m — k)

c* k+ —————
n > max{ +1 g(l +672nm),

klog ™=E }
log(1+ﬁfmn )1

for some fixed constant C* > 0 then sparse pattern
recovery is reliable.

Proof is given in section VI. We consider The-
orem 5 at six different scaling regimes for k
and B:n. For any of the six scaling regimes we
obtain the sufficient scaling of the number of mea-
surements n to guarantee reliable exact recovery.
The following corollary considers the sufficient
conditions for exact recovery in several regimes of
interest.

Corollary 6. In the following we present sharp
sufficient conditions on n to ensure exact sparsity
recovery under different scaling regimes of k and

ﬂmirw

1) For k = ©(m) and 2, = O(3), n =
O(mlogm)

2) For k = ©(m) and %, = O(*%&k), n =
©(m)

3) For k = ©(m) and B2, = O(1), n =
O(m)

4) For k = o(m) and B%,;, = ©(3), n =
O(klog(m — k))

5) For k = o(m) and 32, = @(loik), n =

(igiees)

6) For k = o(m) and B2, = 6(1), n =

O(m), n = O e
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Note that for all different scalings of n the in-
equality (2) is satisfied. All except the last two have
been shown in (Wang et al., 2008) to be sharp in the
sense that they are equal to the known necessary
conditions. Since the last two upper bounds are
similar to the lower bounds found in (Wang et al.,
2008), all the above upper bounds are sharp.

IV. DISCUSSION

We analyzed the probability that the optimal
decoder declares a wrong sparsity pattern. We
assumed a linear model with Gaussian noise. We
obtained a sharp upper bound on the error prob-
ability for any generic measurement matrix. This
allows us to calculate the expected value of the
error probability when we are dealing random mea-
surements. In the special when the entries of the
measurement are i.i.d. Gaussian random variables
we found an upper bound on the expected error
probability. We found sufficient conditions on the
number of measurements that are sharp because
they match the known necessary conditions. An
interesting open problem is how to extend the
Gaussian measurement results to other random
matrices.

V. PROOF OF LEMMA 4

We have:
IMseepl® = (I -s)Xr— 57877l
> Bl =T )( > Xl
€T —F

Note that the random subspace spanned by the
columns of Xz is independent of the ran-
dom vector ZieTf + X;. Furthermore, recall that
dim(Sz) = k, therefore we conclude that W =
d7H(I — T, ) (X ;er—7Xi)||? is a chi-square
random variable with n — k degrees of freedom.
Therefore,

Pr[F] Ex Pr[F|X]
o By e Mszenll®

—adB?

mzn

IN A

dEWNXQ €

k 10g(1+2()d{32

m1n)

= e +d

where o and p were defined in theorem (2) and
the last equation is a result of EWNX2_ketW

(1-2t)""= * for 2t < 1.

VI. PROOF OF THEOREM 5

The total error probability is upper bounded by
the sum of Pr[F] for every F # 7. There exist
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(Z) (m;k) sparsity patterns F such that |F — 7| =
d. Note that

(’;) < expdlog ),
(mdk) < exp{dlog@}.

Hence, the total error probability is upper bounded
by

k
Pe = E d3+log §+log "]~ 35 log(1+2a0;, ;,d)

d=1

ey
In Appendix, we show that f(d) = d[3 + logg +
log k] — 22k Jog(1 + 2a/32,,,,d) is convex in d
if

(n—k)B2ma >4+ +4kB2 0. (2)

2
kﬁmina
convex, its maximum is
achieved at the boundaries. Therefore, we

have f(d) < max(f(k),f(1)). Therefore,
Pe S €10g k+max(f(1),f(k)) and for

Since  f(d) s

6+ 2logk(m — k)
log(1 +2af2,,)

2k[3 + log K]

log(1 + 2032, k) }’

min

n > max{k +

as n — oo the error probability goes to zero
because of logk + max(f(1), f(k)) — —oc.
Note that the inequality (2) is satisfied. Therefore,
asymptotically speaking, the total error probability
goes to zero if

log k(m — k)
klog mT_k }
log(1+ 32,.,.k)

for a constant C* independent of (m,n, k, Bmin)-

n > C* max{k +

VII. APPENDIX

We have
k —k
f(d) = d3+log +log L1
d d
_n ; i log(1 4 2a42,;,,d),
agi(j) = 1+2log+/k(m—k)
_ 210gd7714_2&5727”.”6[7
> f(d) _ 2 20° B, (0 — k)
o2 d (1+2a82,,d)?

978-1-4244-2734-5/09/$25.00 ©2009 IEEE

If for every 1 > d > k we have

(n—k) Enma >4+ + 4d62ma,

1
dﬁgmna
then 626{1(2‘1) > 0 and hence f(d) is convex in d.
The r.h.s is maximized when d = k which yields
that if (n — k)Bnma > 4+ gz — + 4k6), 0
f(d) is convex.
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