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Abstract

Practitioners often have at their disposal a large number of instruments that are weakly
exogenous for the parameter of interest, but using too many instruments can induce bias. We
consider two ways of handling this problem. The first is to form principal components from
the observed instruments, and the second is to reduce the number of instruments by subset
variable selection. For the latter, we consider boosting, a method that does not require an a
priori ordering of the instruments. We also suggest a way to pre-order the instruments and then
screen the instruments using the goodness of fit of the first stage regression and information
criteria. Using these methods to form smaller sets of instruments from the observed data or their
principal components, we find that the principal components are often better instruments than
the observed data. The exception is when the number of relevant instruments is small. Of the
three methods for selecting instruments, no single method dominates. But a hard-thresholding
method based on the ¢ test generally yields estimates with small biases and root mean squared
€error.
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Introduction

Instrumental variables are widely used in empirical analysis. A good deal of attention has been
paid to the situation when a small number of instrumental variables are weakly correlated with the
endogenous regressors. An equally practical problem is that many variables in the economic system
can be weakly exogenous for the parameters of interest. Even without taking into account that lags
and functions of predetermined and exogenous variables are also valid instruments, the number of
instruments that practitioners have at their disposal can be quite large. This paper considers the
selection of instrumental variables in a ‘data rich environment’.

The problem is of empirical relevance for at least two reasons. First, the weak instrument prob-
lem may be a consequence of not being able to pick out those observed instruments most relevant
for explaining the endogenous regressors. Second, it is well known that the bias of instrumental
variables estimators increase with the number of instruments. Thus, irrespective of whether the
available instruments are strong or weak, a smaller instrument set may be desirable on bias grounds.
The question is how to determine this set.

We evaluate three procedures for forming smaller instrument sets from two larger sets of feasible
instruments. These two feasible sets are (i) a set of N observed variables that are weakly exogenous
for the parameter of interest, and (ii) the ordered principal components of the N variables. The
three selection procedures are (i) boosting, (ii) ranking the predictive ability of the instruments
one at a time, and (iii) information criteria applied to the ordered instruments. Throughout, N is
assumed to be large, at least 50.

The method of principal components has been used by Kloek and Mennes (1960) to reduce
the dimension of the instrument set. These authors were concerned with situations when N is
large relative to the given T' (in their case, T=30) so that the first stage estimation is inefficient.
We are concerned with a data rich environment when N may be smaller or larger than T, but
is large enough that a complete evaluation of the 2V possible instrument sets is computationally
burdensome, and that there is no natural ordering of the data that can simplify the model selection
process. Amemiya (1966) showed that the method of principal components can be justified from a
decision-theoretic basis.

The use of principal components can be motivated from a different perspective. As Connor and
Korajzcyk (1986) showed, the first r principal components are consistent estimates of the r common
factors underlying the population covariance of the data, if a factor structure indeed exists. Bai and
Ng (2006) showed that when the factors driving the endogenous regressors and the instruments are
common, the principal components will estimate the space spanned by the common factors, which

in this case are also the ideal instruments. Therefore, when the data admit a factor structure, using



the principal components will be more efficient than using the same number of observed instruments
directly. However, the factor structure is not necessary to validate the use of principal components
as instruments.

Instead of using subsets of the data orthogonalized by the method of principal components,
the instrument set can also be made smaller by eliminating the unimportant variables. Amemiya
(1966) conjectured that this method may be even better than principal components if it is based on
knowledge of the correlation between the endogenous regressors and the instruments. However, few
procedures exist to select these instruments. To this end, we assess the ability of information criteria
and hard-thresholding procedures conditional on an ordering of the available instruments. We also
consider ‘boosting’ as an instrumental variables selection device. Boosting is a statistical procedure
that performs subset variable selection and shrinkage simultaneously to improve prediction. It has
primarily been used in bio-statistics and machine learning analysis as a classification and model
fitting device. Consideration of boosting as a method for selecting instrumental variables appears
to be new and is thus of interest in its own right.

The rest of the paper proceeds by first presenting the estimation framework. The model selec-
tion procedures are discussed in Section 2. Simulation results are presented in Section 3, and an

application is given in Section 4. Section 5 concludes.
1 The Econometric Framework

Fort =1,...T, let the endogenous variable ; be a function of a K x 1 vector of regressors x:

ye = x B+ ah P+ &
= 1‘25 + &t (1)

The parameter vector of interest is 3 = (0], 35)" and corresponds to the coefficients on the regressors
xy = (2!, 2h,)’, where the exogenous and predetermined regressors are collected into a K x 1 vector
x1¢, which may include lags of ;. The K3 x 1 vector zg; is endogenous in the sense that E(xaies) # 0
and the least squares estimator suffers from endogeneity bias.

We will be concerned with the properties of the standard GMM estimator. Let Q; be a vector
of instruments, and denote &;(3) = y; — ;3. Given a vector of L moments ¢;(3) = Qi£:(3), and a

L x L positive definite weighting matrix Wy, the linear GMM estimator is defined as

Borv = arg;nin 9(8)Wrg(p)

= (S0:WrSqga) 'S0 WrSqy



where Sg, = %Zthl Q). Let & =y — 4fory and let S = %Zthl QiQ)&7, where fBgry is a
preliminary consistent estimator for 3. Letting Wy = S~1 gives the efficient GMM estimator

Barv = (86528 802) 1SS Sqy.

This is the estimator whose properties will be evaluated for different choices of J¢. Our focus will
be a comparison of instrument selection for the GMM estimator. Other estimators such as LIML
and JIVE will be briefly discussed.

We assume that there is a panel of valid instruments, Z; = (Zy,...Zn¢)" that are weakly
exogenous for 3. Here, Z; can include lags of the endogenous regressors, lags and functions (such
as the square) of other predetermined variables. Let Z = (Z1,Za,...,Z7) (N x T). As many
variables in a large simultaneous system can be weakly exogenous for the parameter of interest, N
can be large.

The conventional approach is to take some z; C Z; to form a GMM estimator with Q; = z,
Bzrv = (8,,5718.,)71s S71S.,.

If Z are valid instruments, linear combinations of Z; are also valid instruments. Thus if F are the
principal components of 7, F (N x T matrix) are also valid instruments. Let ﬁ be a subset of E,
for example, the first few principal components. Estimation using the orthogonalized instruments
ﬁ yields
Brrv = (5,878,785 7185,
How to choose a subset of ﬁt will be discussed further.
We consider two data generating processes, one assuming that the endogenous variables and

the instruments are correlated through common factors, and one without being specific about this.

DGP 1:
N
Tor = > wiZis + it (2)
i=1

where E(Zje;) = 0 and E(Zyuy) = 0, © = (71, ...,7n), 7 > 0 (positive definite matrix). It is
possible to have m; = 0 for some i; but 7’7 > 0 implies that a sufficient number of valid instruments

(no smaller than K») are contained in Z;.

DGP 2:

ot = \Il/Ft—i—ut (3)
Zy = XNFi+egq. (4)



where ¥’ is Ko X1, \; is a rx 1 vector of loadings matrix, F; is a r x 1 vector, and r is a small number.
Endogeneity arises when E(Fiet) = 0 but E(use) # 0. This induces a non-zero correlation between
x9¢ and &;. One interpretation of the model is that F} is a vector of » common factors. Then X, F}
is referred to as the common component of Zj;;, e;; is an idiosyncratic error that is uncorrelated
with z9; and uncorrelated with ;. This interpretation is motivated by co-movement of economic
variables, and F; is a vector of unobservable common shocks that drive the economic variables.!
A theoretical motivation for this interpretation is given by Boivin and Giannoni (2006), although
they use different notations from ours. Another interpretation is that Z; and xo; are repeated
but contaminated measures of the ideal instrument, F;. We assume that ¥'¥ > 0 and ¥ does not
shrink to zero as T increases so that the instruments F; are ‘strong’. However, F; is not observable.

Now viewed from either the factor model or the errors-in variables perspective, xo; is just Ko
of the many other variables in the economic system that contain information about F;. If F
were observed, § = (1, 05) could be estimated by using F; to instrument x9,. But the ideal
instrument vector Fj is not observed. In Bai and Ng (2006), we propose to use ﬁ{, the first r
principal components of Z’'Z, as instruments, where r is assumed to be known. Using a consistently
estimated r will not affect the asymptotic results. Provided N and T tend to infinity, Theorem 1 of
Bai and Ng (2006) showed that the FIV (factor instrumental variable estimator) is v/7T consistent
and asymptotically normal. Estimation and inference can proceed as though the ideal instruments
were observed. Bai and Ng also show that if the FIV uses r factors as instruments, it will be more
efficient than a ZIV estimator that uses r observed instruments. While this efficiency argument
hinges on a factor structure underlying the data, consistency of the estimator using the principal

components as instruments does not.

2 Determining the Relevant Instruments

Whether we use Z; or ]7} as instruments, and whether or not the data have a factor structure,
the factors that best explain the variation in Z may not be the best in terms of explaining the
endogenous variables, xo. For the purpose of selecting instruments, we will simply refer to the
instruments as (¢, which can be E or Z;. Now (; is a matrix with N columns. A well known

result is the following:

Lemma 1 Let 3 = (szS_ISQI)_lS’QwS_ISQy be the linear GMM estimator obtained from a

vector of N instruments, denoted Q¢. The bias of BGMM increases with N .

1Some factor loadings can be zero so that the corresponding series are not influenced by the common shocks.



Theorem 4.5 of Newey and Smith (2004) showed using higher order asymptotic expansions that the
bias of the GMM estimator is linear in N — K5, which is the number of overidentifying restrictions.
Phillips (1983) showed that the rate at which @SLS approaches normality depends on the true
value of # and N. Hahn and Hausman (2002) showed that the expected bias of 2SLS is linear in
N, the number of instruments. The result arises because E(x'Pge/T) = E(u'Pge/T) = 0uN/T,
where Q = (@1, ...,Qr)" is T x N. This motivates forming a set of L instruments with Ko < L < N
by removing those elements of Q; that have weak predictive ability for xo;.

We call those @ C @y with small explanatory power for xo; the ‘relatively weak’ instruments,
defined in Hahn and Kuersteiner (2002) as instruments with ¥; in the 7' ~9 neighborhood of zero
with § < % They showed that standard asymptotic results hold when such instruments are used
to perform two-stage least squares estimation. Let ¢¢ C @Q: be a L x 1 vector of instruments
that remain after the relatively weak instruments are removed from Q). The ¢; will be referred to
as the ‘relevant instruments’. We do not allow for weak instruments in the sense of Staiger and
Stock (1997). This is considered analytically in Kapetanios and Marcellino (2006) within a factor
framework. We are interested in comparing the properties of BQ v with an estimator that uses ¢
as instruments:

B\qIV = (S(;mg—lsqf)_ls(/]mg_lsqy'

The estimator B\Q 1v is a special case of B\q v with L = N. They are all consistent and asymptotically
normal under fixed N. It can also be shown that BQ 1v has a smaller variance, but Bq[\/ has smaller
bias. The remainder of this section is concerned with how to form ¢ with the objective of fitting

T9¢ in the presence of x1;. The problem is now one of variable selection.

2.1 Selecting ¢: by Boosting

Boosting was initially introduced by Freund (1995) and Schapire (1990) to the machine learning
literature as a classification device. It is recognized for its ability to find predictors that improve
prediction without overfitting and for its low mis-classification error rate. Bai and Ng (2007) applied
the boosting method to forecasting in the presence of large number of predictors. Buhlmann and
Hothorn (2006) provide an excellent introduction to boosting from a statistical perspective. For our
purpose, it is best to think of boosting as a procedure that performs model selection and coefficient
shrinkage simultaneously. This means that variables not selected are set to zero, as opposed to
being shrunk to zero. In consequence, boosting results in very sparse models. Here, we want to
use boosting to select the most relevant instruments from a large set of feasible instruments with
no natural ordering for the instruments in the set.

The specific Ly boost algorithm we use is based on component-wise least squares. Component-



wise boosting was considered by Buhlmann and Yu (2003) when the number of predictors is large.
Instead of evaluating sets of regressors one set at a time, the regressors are evaluated one at a time.
Under component-wise boosting the jth instrument (j is arbitrary) is as likely to be chosen as the
first; the ordering does not matter.

We are interested in finding instruments that can explain xo; after controlling for x1;. To this
end, let Zo = Mjzs and @ = M;Q, where My = I — xy(xhx1) o, Thus, To; and @t are the
residuals from regressing xo; and ¢, respectively, on x1¢. Selecting the best subset ¢; out of Q¢
after controlling for x4 is then the same as extracting a ¢; from @t that has the most explanatory
power for Zo;.

Boosting is a multiple-stage procedure. Let {I;m be a T x 1 vector with ¢-th component ;I\Dtm
(t=1,2,..,T). Define am similarly. Let Zo denote the sample mean of Zo;. The boosting algorithm
for fitting the conditional mean of Zo; given a set of IV predictors, @t, is as follows: set m = 0, and
do

1let @9 =dro=a0, (t=1,2,..,T);
2 form=1,...M

afort=1,...T, let uy = To; — ggt’m,l be the ‘current residuals’.

b for each ¢ = 1,... N, regress the current residual vector u on @Z (the i-th regressor) to
obtain ?)\Z Compute € ; = u — QVZE as well as SSR; = ’éfjié\,,i;

c let 7* be such that SSR;x = min;er, . N SSR;;

d let @ = Q. i-biv;

e for t =1,...T, update :Ist,m = <T>t7m_1 + V(Ztm, where 0 < v <1 is the step length.

Component-wise Lo boost is nothing more than repeatedly fitting least squares to the current
residuals and selecting at each step the predictor that minimizes the sum of square residuals. Note
that component wise Ly boost selects one predictor at each iteration, but the same predictor can
be selected more than once during the M iterations. This means that boosting makes many small
adjustments, rather than accepting the predictor once and for all. This seems to play a role in the
ability of boosting not to overfit.

After m steps, boosting produces EI\Jm(QV) = @Sm as an estimate of the conditional mean, where
m is a vector with potentially many zeros. Zhang and Yu (2005) and Buhlmann (2006) showed

that boosting will consistently estimate the true conditional mean of xo. If ¢;+ is a selection vector

that is unity at position * and zero otherwise, then Sm can be shown to follow the recursion.

~

Om = Am—l + Ly ®/57



where © denotes element by element multiplication. Thus, ;S\m and gm_l differ only in the i*-th
position. If Z9 is T' x Ks, the algorithm needs to be repeated Ky times. The boosting estimate of

the conditional mean can also be rewritten as ZI;m(QV) = B,, T2, where

By = Bu-y+vPS"(Ir = Buot) = It — (Ir —vPG ) I = vP) - (Ir —vPS™)  (5)

_ ()

Iy jl;[l(IT vPg) (6)
where Pgl) = @m(é/m@m)*lé’m is the projection matrix based upon the regressor that is
selected at the m-th step. A distinctive feature of boosting is that it will produce a sparse solution
when the underlying model structure is sparse. In our context, a sparse structure occurs when
there are many relatively irrelevant instruments and ¥ has small values in possibly many positions.

If the number of boosting iterations (M) tends to infinity, we will eventually have a saturated
model in which case all predictors are used. The sparseness of SM is possible only if boosting is
stopped at an ‘appropriate’ time. In the literature, M is known as the stopping rule. It is often
determined by cross-validation in situations when a researcher has access to training samples. But

this is often not the case in time series economic applications. Let
dfm = trace(By,).

We follow Buhlmann (2006) and let M = argmin,,_; ;; [C(m) where

AT ) dfm

IC(m) = log(62,) + e

m

The BIC obtains when Ap = log(T'), and AIC obtains when Ay = 2. The primary departure from
the standard AIC/BIC is that the complexity of the model is measured by the degrees of freedom,
rather than by the number of predictors. In our experience, the degrees of freedom in a model with
k predictors tends to be higher than k.

Under boosting, gM is expected to be sparse if the number of truly relevant instruments is
small. The sparseness of 4y is a feature also shared by the LASSO estimator of Tibshirani (1996),
defined as

~ ~—]|2 N
51, = argmin ch’g - Qé” A 15,
j=1

That is, LASSO estimates & subject to a L penalty. Instrumental variable selection using a ridge
penalty has been suggested by Okui (2004) to solve the ‘many instrument variable’ problem. The
ridge estimator differs from LASSO only in that the former replaces the L; by an Lo penalty.

Because of the nature of Ly penalty, the coefficients can only be shrunk towards zero but will not



usually be set to zero exactly. As shown in Tibshirani (1996), the L; penalty performs both subset
variable selection and coefficient shrinkage simultaneously. Efron et al. (2004) showed that certain
forward stagewise regressions can produce a solution path very similar to LASSO, and boosting is
one such forward-stagewise regression. We consider boosting because the exact LASSO solution
is numerically more difficult to solve, and that boosting has been found to have better properties

than LASSO in the statistics literature.

2.2 Other Selection Procedures

We have motivated boosting as a way of selecting variables when the variables have no natural
ordering. Other model selection procedures are available if the data can be ordered.? Donald and
Newey (2001) proposed a instrument selection method that is most effective if the instruments
can be ordered. The need to order the data is obvious when (; = Z;, as when there is no prior
knowledge on how the observed instruments should be ranked, we will be left to evaluate 2V models.
It may seem that if Q) = ﬁt, we can exploit the fact that the first principal components ﬁu explains
the most variance in Z;, Fry explains the most variance not explained by (ﬁlt, e ,ﬁT,l.t) and so
on, with ﬁjt orthogonal to ﬁkt for j # k. However, of interest is not what explains the panel of
instruments Z;; per se, but what explains x9;. Factors that have strong explanatory power for Z;
need not be good instruments for zo;.

To be able to use these model selection procedures, we will need to have a ranking of the
instruments. Here, we use the marginal predictive power of the instruments for the endogenous

regressor. More precisely, for each ¢ = 1,... N, we consider least squares estimation of
/
Tt = Yo + 2171 + V2iQit + error.

This is simply a first stage regression, the same regression that underlies the first-stage F' test
in determining if an observed instrument is a weak. We use the t statistic for 75 to rank the
relative importance of the instruments, though the R? can equivalently be used. The ranking

yields {Qjt; - - - Qn)e}, the ordered instrument set. Again, Qp;); can be Z;; or vat. Now form

a = {Qp : [t 5.1 > ¢}

where #[; 5, is the t-statistic and c is a threshold value. This is essentially a hard thresholding
method that keeps as instruments all those variables whose ¢ statistic for 7, exceeds c.
In addition to the ¢ test, we also consider the information criterion. In a recent paper, Carrasco

(2006) takes as starting point that the sample covariance matrix of instruments, say, S.., may be

2For example, Andrews and Lu (2001) or Donald and Newey (2001) proposed using information type criteria to
select the number of moment conditions in a GMM setting.



ill-conditioned when the number of instruments is large. She proposes to replace S,, by a matrix
formed from L < N of the eigenvectors of S,, whose corresponding eigenvalues exceed a threshold.
The method is a form of regularization and is also referred to in the statistics literature as the
method of ‘supervised principal components’, see Bair et al. (2006). Carrasco (2006) assumed iid
data and obtained plug-in rules for L that minimize the expected mean-squared error of 3 The
simplest rule is the C), criterion:

L = argmin 67 + 6%1A7/T

I=1,...lmazx

where 812 is the variance from IV estimation with [ instruments, and &2 is a scale variable. The rule
proposed by Donald and Newey (2001) is very similar to the above, except that their regressions
are based on the ordered observed instruments, while Carrasco (2006) used the ordered principal
components. These studies assume N < T. Here we consider the case that N is possibly much
larger than T'. To be able to implement this rule when the number of feasible instruments is large,
it is desirable to have a way to pre-order the data. We proceed as follows. We first rank @ using
the absolute value of the ¢ test. Given Qy, Qs - - - QN> the set of ranked instruments, we can
now obtain 8? =71 ZtT_1 Efl, where €;; is the residual from regressing zo; on x1¢ and the first [ of

the ordered instruments. The selected instrument set is then

a = {Quye, Qpaper - - - Qe }-

Finally, the C}, can be sensitive to 3%. As shown in Geweke and Meese (1981), an information
type criterion

L = argminlog(2) + nAr/T
n

will select the same model asymptotically as the C}, and does not depend on 2. The C), criterion
is similar to the AIC when Ap = 2. We use the BIC with Ay = log(T'), which is known to select

more parsimonious models.
3 Finite Sample Properties

In this section, we study the finite sample properties of the GMM estimator when different methods

are used to select the instruments. Estimation proceeds as follows:

1. Form the potential instrument set, )¢, which can be F} or Zy;
2. for boosting, partial out the effect of x4 from both z9; and Q: to yield Zo; and @t;
3. use boosting, the t test, or the BIC to determine [1,...[r, the positions in Q; to keep. Let

qt = (Qtl17 .. QtlL);



4. perform GMM estimation with ¢* = [z; ¢| as instruments and an identity weighting matrix
to yield 3. Let § = %Zthl &2q g, where & =y, — )3

5. re-do GMM one more time using W = S~1 to yield quv.
We consider GMM estimation with six sets of instruments:
o FIVy: ¢ = f}; C (ﬁt,l .. -ﬁt,N)/ chosen by boosting

FIVi: ¢y = f, C (EJ e ﬁ’t,N)’ such that |t5,| > ¢;

FlVie: q¢ = ﬁ C ﬁt,l e ﬁ’t,lmam) chosen using the BIC;

IVy: gt = 2 C (Zya, ... Zy N) chosen by boosting;

IVi: gt = 2z C (Zt,. .- Zy,n)' chosen such that |t5,| > ¢;
 IVie: g =2 C (Zi1,...Z,n) chosen using the BIC.

We set the maximum number of boosting iterations M at M = min[N'/3 T'/3]. We follow the
literature and set v to 0.1 The threshold for the ¢ test is set at 2.5, which is slightly above the
critical value for the two-tail one percent level. When the number of ¢ statistic passing the threshold
of 2.5 exceeds 20, we take the top twenty variables. An upper bound of 20 variables is put on the
BIC.

We consider five data generating processes in the simulations:

DGP 1 is based on Moreira (2003):

yr = T + worfo + oyes
Tilt = OpTig—1+ €z, t=1,...K;
Tiot = NPy +epy, i=1,... K

!
zip = N Fy+Vrozeq

Fyy = pjFjp1+mp j=1,...7

with ep = J5 (67 1), einnr = (€0 —1), eie ~ N(0,1), 10 ~ N(0,1), Xz ~ N(0,1), pj ~ U(.2,.8).
We also assume o, ~ U(.2,.8), ejz1¢ ~ N(0,1) and uncorrelated with €59, and &. Furthermore,
(€t,€.9;,) ~ N(0ga+1,%) where diag(X) =1, X(j,1) = 3(1,j) ~ U(.3,.6), and zero elsewhere. This
means that & is correlated with €;,9; with covariance 3(1,7) but €;,2; and €j,2¢ are uncorrelated
(i # j). By construction, the errors are heteroskedastic. The parameter 05 is set to K162, + K262,
where o, is the average variance of zj;, j = 1,2. This puts the noise-to-signal ratio in the primary

10



2

2, and r. The parameter of

equation of roughly one-half. We considered various values of Ko, o

interest is 5 whose true value is 2. The results are reported in Table 1 with K; = Ky = 1.

DGP 2, 3. The model is based on Carrasco (2006). Let

Yy = [Poxo + et

/
Toy = 4T A u

<Ztt> iid N(0,%), ¥ = (15 f)

where z; ~ N(0,Iy), R2, = 1-71:1737r ={.9,.75,.5}. Two cases are considered

DGP 2: m; =d(1 — L‘5—+j1)4, d is chosen such that n'r =

RQ

In both cases, §2 = 1.0. Under DGP 2, the instruments are in decreasing order of importance.
The smaller is R2,, the less predictable is z2. When R2, = .9 and N = 100, 7 ranges from .628 to
.047, with about 12% of the 7 coefficients bigger than .5, and 30% of the 7 coefficients between .25
and .5. When R2, = .5, the coefficients range from .209 to .0139. While none of the coefficients
exceed .25, 34% exceed .1. Under DGP 3, the instruments are of equal importance and there
is no reason to choose one instrument over another. The 7 coefficients are .3, .1732, and .1 for
R%, = .9,.75,.5. Thus when R2, = .5, DGP 2 simulates a case of few relevant instruments while
and DGP 3 simulates a case of many relatively weak instruments. Arguably, when R2, falls below

.5, DGPs 2 and 3 do not constitute a data rich environment as the number of relevant instruments

is in fact quite small.

DGPs 4, 5 An undesirable feature of DGPs 2 and 3 is that the degree of endogeneity always in-
creases as the predictability of the endogenous regressor decreases. In other words, the instruments
are weaker when the endogeneity bias is more severe. We consider two other DGPs that allow the

variance of €; to be a free parameter. Specifically, we let

(o1 .25
X = (.25 1 >

where 017 = (2.5,1.5,.5), holding R2, fixed at 0.5. Under DGP 4, 20% of the 7s exceed 0.5, while
the 7 coefficients is now .1414 under DGP 5. It should be remarked that under DGP 3 and 5,
some relevant instruments will always be omitted whenever L < N, and such omission cannot be

justified on a priori grounds.

11



3.1 Results

We compare the estimators using the mean estimate and the root-mean-squared in 1000 replications.

We also report the average endogeneity bias (p) as measured by the correlation between &; and

var(uz)
var(xzz2)’

xo, the predictability of the endogenous variable as measured by the 1 — and a measure
of commonality in the instruments. In theory, if the data have r factors, the r largest eigenvalues
of the population covariance matrix of Z should increase with N while the r + 1-th eigenvalue is
bounded. Therefore we also report %, the ratio of (r+1)th over the rth eigenvalues. The smaller
is this quantity, the stronger is the factor structure.

The results for DGP 1 (the factor model) are reported in Table 1. The impact of endogeneity
bias on OLS is immediately obvious. The six IV estimators all provide improvements. Of the six
methods, boosting and the ¢ test select more variables than the BIC. Under DGP 1, the instruments
and the endogenous regressor share common factors. Thus, many observed instruments have strong
correlations with xo. Not surprisingly, the t test detected this. The number of instruments used by
the t test is 20 in view of the upper bound. The number of observed instruments being selected is
always higher than the number of principal components being selected, indicating that the principal
components is effective in compressing information. The BIC tends to select the most parsimonious
set of instruments.

The point estimates are closer to the true value when o2 is small. A higher o2 increases both the
bias and RMSE. Put differently, the estimates are less precise when the common factors have weak
explanatory power for the endogenous regressor. In results not reported, the estimates are also
more precise when T increases but do not vary systematically with V. The ¢ test on the principal
components produces estimates that are closest to the true value of 2. Although its RMSE is
not always the smallest, no one method systematically dominates the other in terms of RMSE.
However, using the principal components tend to yield smaller bias than the observed instruments
when the instruments are selected by boosting or the ¢ test.

We now turn to DGP 2. Unlike DGP 1, the data no longer have a factor structure. Thus, %
is much smaller in DGPs 2 and 3 than in DGP 1. While F} are still valid instruments under DGP
2 (and 3), these are no longer estimates of the ideal instruments. Evidently, all estimators provide
significant improvements over OLS when RiQ (the strength of the instruments) is high. However,
as R2, falls, the bias in all the estimators increases and the estimates move toward OLS. By the
construction of DGP 2, x5 is predicted only by a few variables. If these variables can be isolated,
they should be better instruments than principal components as these are linear combinations of
the available instruments, some of which have no explanatory power. The results bear this out.

The three methods used to select observed instruments are quite comparable both in terms of bias
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and RMSE. Of the three methods, the ¢ test (with ¢ = 2.5) tends to select the smallest instrument
set.

Under DGP 3, all instruments have the same predictive power for x2 and there is no priori
reason to choose one over another. Indeed, given that 7 is a constant vector, an efficient instrument
can be obtained by summing all NV series. Such an option is not available, though the principal
components should achieve this goal approximately. The simulations reveal that the estimates using
the principal components are better than those using a subset of observed instruments. However,
as the degree of endogeneity rises while the instruments get weaker, all methods are biased, even
though the estimates are closer to the true value than OLS.

DGPs 4 and 5 allow the strength of the instruments to increase with the degree of endogeneity.
Evidently, the estimates are much less biased than those reported in Table 2. However, as in DGP 2
when the endogenous regressor is a function of just a few variables, carefully selecting the observed
variables as instruments dominates the principal components approach. And as in DGP 3 when all
instruments have equal predictive power, the method of principal components achieves dimension
reduction and is generally superior to using the observed variables as instruments. However, Table
3 reveals that even when the instruments are strong (with R2, well above .66), the bias in all the
estimates can still be quite substantial. Both the bias and RMSE are increasing in N, the number
of instruments available, and L, the number of instruments chosen. This, however, is an artifact of
the DGP which allows the number of explanatory variables for zs to increase with N.

All three instrument selection methods involve pretesting, and it is of some interest to see
to what extent this affects the asymptotic distribution of the estimators. Figures 1 present the
standardized distribution of Bg for DGP 1, 03 = 02 = 1. Notably, all distributions appear to be
symmetric. The tails of the distribution suggest that there are some large outliers, but the normal
distribution seem to be a reasonably good approximation to the finite sample distribution of the
estimators. The issue with the IV estimation is not so much its shape, but where it is centered.
From this perspective, the BQ produced by using the t test to select the principal components
(labeled FIV;) appears to have the best properties.

Overall, using the observed data are better than the principal components only when the en-
dogenous variable is predicted by a small number of instruments. Or, in other words, when the
data rich environment assumption is not appropriate. Otherwise, principal components compress
the information in the available instruments to a smaller set of variables and is preferred on bias
grounds. The three methods considered have comparable properties when T is large. For small T,
the t test has better biased properties but sometimes has large RMSE. Which method one chooses

depends on the preference of the practitioner. When (i) the degree of endogeneity is large, (ii)
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when the instruments are weak or ideal instruments do not exist, the point estimates can be biased

whichever method we use to select the instruments.

3.2 Other Estimators

The two stage least squares is known to have poor finite sample properties, especially when the
number of instruments is large. The question then arises as to whether the instrument selection
procedures we considered is as effective when other estimators are used. To gain some insight into
this question, we also evaluate the finite sample properties of LIML and the estimator by Fuller,
both considered in Donald and Newey (2001) and Hausman et al (2007), among others. These
results are reported in Table 4, 5, and 6 for Models 1, 2, and 3 respectively. Compared with
results for the IV reported in Tables 1 to 3, the bias of LIML and FULLER are both smaller,
with FULLER being the most accurate. However, as far as selecting instruments is concerned,
the general picture holds up. Specifically, For Model 1, using the t test to select the instruments
gives more precise estimates. For Models 2 and 3, all three methods (boosting, IC, and ¢ test)
have rather similar performances, with no particular method dominating the others. Comparing
the LIML and FULLER results with those of the IV, the advantage of using principal components
over the observed instruments is not as strong for Model 1, though for Models 2 and 3, forming

principal components still seem desirable.
4 Application

Consider estimating the elasticity of intertemporal substitution, denoted, . Let i1 be a measure
of real asset returns, which for the purpose of illustration, we will use the real interest rate. As
discussed in Yogo (2004), ¢ can be estimated from

1
o

by instrumenting Ac;11, where Ac; is consumption growth. It can also be estimated from the

riy1 = b+ —Acit1 +eriq1

reverse regression

Acip1 = a+Yri1 +ect

by instrumenting for r;11. Whereas ry11 is persistent and thus predictable, Ac;y1 tends to be
difficult to predict. The first formulation is thus more susceptible to the weak instrument problem,
especially when the number of instruments considered is small.

We take the data used in Yogo (2004), who used the nominal interest rate, inflation, consumption
growth, and the log dividend price ratio lagged twice as instruments. His results will be labeled

IV. Additionally, we use data collected in Ludvigson and Ng (2007), which consist of quarterly
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observations on a panel of 209 macroeconomic series for the sample 1960:1-2002:4, where some are
monthly series aggregated to quarterly levels. Following Yogo (2004), we only use data from 1970:3-
1998:4 for the analysis for a total of 115 observations. Principal components are estimated from the
209 series, all lagged twice.3 Thus Z; is of dimension 209+4, while F} is of dimension min[N, T]+4,
since the four instruments used in Yogo (2004) are always included in the instrument set, and there
are min[N,T] non-zero eigenvalues. We can give some interpretation to the principal components
by considering the marginal R? of each factor in each series. This is obtained by regressing each
series on the principal components one at a time. This exercise reveals that the highest marginal
R2 associated with F; is UTILI (capacity utilization), Fy; is PUXHS (CPI excluding shelter), and
F3, is DLAGG (a composite index of seven leading indicators).

The results are reported in Table 3a and 3b. The upper bound on the instruments considered
by BIC is set at 20, and a threshold of 2.5 is used for the ¢ test. Notably, it is much easier to predict
real interest rate than consumption. Whichever is the endogenous regressor, there is predictability
beyond the instruments used in Yogo (2004). The R2, increases from .08 to as much as .375 in the
regression for estimating 1/v, and from .279 to .528 in the regression for estimating .

For the first regression when the parameter of interest is 1/1), ﬁlt,ﬁ(;t, and ﬁn along with
13 other factors and lagged consumption were selected by boosting. The ¢ test selects a principal
component that corresponds to those of the largest ten eigenvalues, along with lagged consumption.
The BIC selects 4 principal components along with lagged consumption growth. The first three
variables selected by boosting are GNSQF, GYFIR, and LBCPU, though nominal interest rate
was also significant. The top three observed variables selected by the ¢ test are PUXM, GNET,
and PWIMSA. Lagged consumption growth was also chosen. The BIC selects GDCD, along with
lagged consumption growth used in Yogo (2004). However, none of the first stage R2, exceeds 0.4.

For the second regression when the parameter of interest is 1, ﬁzt, ﬁ5t, ﬁﬁt and 8 other principal
components are selected by boosting, along with inflation and lagged consumption growth. The ¢
test chooses ﬁgt, consumption growth and one other factor, while the BIC additionally selects seven
other principal components. However, these two methods do not select the variables used in Yogo
(2004). Along with the nominal interest and lagged inflation were also significant, boosting selects
FMD, GFINO, and GYDPCQ as the top three observed instruments. The t test selects all four
variables used in Yogo (2004), along with BPB. The IC selects the nominal interest rate along with
GDFSFC, PUCX, HS6FR, and LIPM. The picture is thus quite clear that information is available
in predicting the endogenous regressor beyond what was used in Yogo (2004).

As far as the estimates go, using the principal components as instruments all come out much

3The PCP criterion developed in Bai and Ng (2002) chooses 8 factors.
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better determined than using the observed instruments. The point estimate of 1/ ranges from .470
to 1.453. But the endogenous regressor here is consumption growth, which has little predictability.
Using the simulation results of DGP 2 and 3 as guide, one might expect these estimates to be
strongly biased. The endogenous regressor associated with ¢ in the second equation is the real
interest rate, which is persistent and can be predicted by many variables. Arguably, the real
interest rate can be predicted by common factors in the economy. Thus if we use DGP 1 as a
guide, the estimates using the principal components should be quite precise. The estimates for
range from .066 to .109. They are slightly higher than the IV with four observed instruments used
in Yogo (2004). As the endogenous regressor is quite well predicted by the principal components,
the weak instrument problem is of smaller concern. Our estimates suggest that the intertemporal

elasticity of substitution is around .1 and is only marginally significant.
5 Conclusion

It is not uncommon for practitioners to have at their disposal a large number of variables that are
weakly exogenous for the parameter of interest, some of which are especially informative about the
endogenous regressor. Yet, there are few guides in the literature for forming subsets of instruments
for estimation. This paper considers three methods, and also evaluates the effectiveness of using
the principal components instead of the observed instruments directly. The results suggest that
when the instruments have a factor structure, the principal components approach is unambiguously
preferred to using the raw data as instruments. Ranking the ¢ statistics of the first stage regression
is effective in picking out those principal components most useful for estimation. When there are
truly only a few instruments that have predictive power for the endogenous regressor, or in other
words, the practitioner does not actually have many variables informative about the endogenous
regressor, the observed data are better instruments than the principal components. When a large
number of instruments each contributing to a small fraction of the variation in the endogenous
regressor, the method of principal components is still preferred even if it cannot be used to form
ideal instruments. In such a case, all three methods for selecting instruments have comparable

properties.
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Table 1: Finite Sample Properties of 32, B9 = 2.

GM
2

M

N

2
O¢

ag

HFr+1
1%

]%zQ

FIV,

FIV,

FIV;

IV,

1V

OLS

200

200

200

200

200

200

200

200

20

50

100

100

50

50

100

100

1.000

1.000

1.000

1.000

3.000

3.000

3.000

3.000

1.000

5.000

1.000

5.000

1.000

5.000

1.000

5.000

0.253

0.633

0.429

0.316

0.539

0.508

0.295

0.296

0.053

0.325

0.042

0.143

0.057

0.245

0.030

0.169

0.527

0.241

0.527

0.353

0.297

0.300

0.322

0.375

2.037
0.154
5
2.333
0.436
6
2.156
0.231
8
2.200
0.274
10
2.184
0.276
6
2.176
0.268
6
2.164
0.234
10
2.154
0.218
10

2.024
0.155
4
2.148
0.346
3
2.012
0.172
3
2.049
0.213
3
2.070
0.240
3
2.085
0.236
3
2.043
0.192
3
2.039
0.170
3

2.038
0.155
)
2.205
0.375
4
2.102
0.203
)
2.117
0.230
)
2.113
0.247
4
2.117
0.246
4
2.097
0.206
5
2.093
0.183
)

2.055
0.157

2.421
0.493
10
2.129
0.209
13
2.185
0.259
15
2.165
0.259

2.219
0.295
10
2.079
0.191

2.149
0.209
17

2.075
0.166
20
2.380
0.463
16
2.122
0.205
20
2.151
0.240
20
2.238
0.309
20
2.220
0.296
19
2.107
0.196
20
2.113
0.189
20

2.041
0.163

2.283
0.427

2.053
0.181

2.078
0.227

2.102
0.246

2.093
0.237

2.034
0.198

2.072
0.181

2.389
0.420

3.178
1.202

2.722
0.752

2.511
0.542

2.842
0.865

2.783
0.807

2.418
0.447

2.417
0.443
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Table 2: Finite Sample Properties of BQ, B9 =1.0,

GMM

T N o p Ber o R2 | FIV, FIV, FIV, TATA 1V, 1V, OLS

Lk
DGP 2

200 50 0.900 | 0.157 0.941 0.899 | 1.010 1.010 1.010 1.012 1.012 1.012 1.050
0.029 0.032 0.028 0.030 0.030 0.028 0.054
11 8 17 14 13 20
200 50 0.750 | 0.249 0.941 0.750 | 1.028 1.029 1.028 1.035 1.035 1.034 1.125
0.055 0.060 0.0564 0.057 0.061 0.054 0.129
11 7 14 14 12 19
200 50 0.500 | 0.351 0.941 0.495 | 1.076 1.074 1.075 1.090 1.090 1.089 1.249
0.111 0.126 0.115 0.117 0.124 0.119 0.253
11 5 9 14 8 12
200 100 0.900 | 0.157 0.952 0.899 | 1.017v 1.017 1.019 1.015 1.020 1.020 1.050
0.033 0.038 0.034 0.032 0.037 0.035 0.055
20 8 20 20 15 19
200 100 0.750 | 0.248 0.954 0.748 | 1.049 1.050 1.055 1.044 1.055 1.054 1.124
0.066 0.078 0.071 0.063 0.075 0.072 0.129
20 7 20 20 12 16
200 100 0.500 | 0.352 0.953 0.497 | 1.128 1.117 1.131 1.119 1.139 1.137 1.249
0.145 0.156 0.151 0.138 0.166 0.160 0.253
20 ) 14 20 8 10

DGP 3

200 50 0.900 | 0.158 0.942 0.899 | 1.010 1.010 1.010 1.023 1.023 1.022 1.050
0.031 0.034 0.030 0.038 0.040 0.037 0.055
11 8 17 18 14 19
200 50 0.750 | 0.250 0.943 0.748 | 1.029 1.027 1.030 1.058 1.061 1.058 1.126
0.059 0.062 0.058 0.077 0.085 0.079 0.131
11 7 14 18 11 17
200 50 0.500 | 0.351 0.941 0.497 | 1.073 1.072 1.071 1.126 1.137 1.135 1.249
0.107 0.121 0.109 0.146 0.170 0.162 0.253
11 5 9 16 7 10
200 100 0.900 | 0.157 0.952 0.899 | 1.018 1.017 1.020 1.029 1.030 1.030 1.050
0.033 0.037 0.034 0.044 0.047 0.046 0.054
20 8 20 20 13 14
200 100 0.750 | 0.248 0.952 0.749 | 1.048 1.046 1.053 1.072 1.073 1.075 1.124
0.066 0.077 0.070 0.087 0.094 0.093 0.129
20 7 20 20 11 12
200 100 0.500 | 0.354 0.954 0.497 | 1.133 1.127v 1.135 1.163 1.170 1.172 1.251
0.150 0.167 0.156 0.179 0.198 0.196 0.255
20 5 14 20 7 8
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Table 3: Finite Sample Properties of BQ, B9 =1.0,

GMM

T
2

Hk+1
I3

2
}%22

FIV,

FIV;

FIV;

1V

IV

IVie

OLS

DGP 4

200

200

200

200

200

200

50

50

50

100

100

100

2.500

1.500

0.500

2.500

1.500

0.500

0.130

0.157

0.201

0.134

0.156

0.202

0.941

0.941

0.941

0.952

0.954

0.953

0.284

0.401

0.663

0.282

0.397

0.664

1.031
0.081
9
1.035
0.085
11
1.040
0.095
11
1.049
0.082
16
1.060
0.090
20
1.070
0.104
20

1.036
0.116
3
1.038
0.112
4
1.038
0.105
6
1.042
0.126
3
1.057
0.126
4
1.068
0.123
6

1.033
0.100
5
1.037
0.094
7
1.039
0.094
12
1.046
0.103
7
1.059
0.101
10
1.077
0.108
20

1.035
0.074
13
1.044
0.085
14
1.046
0.093
14
1.046
0.080
20
1.055
0.088
20
1.065
0.100
20

1.034
0.104
)
1.045
0.103
6
1.049
0.099
10
1.048
0.116
)
1.056
0.116
6
1.081
0.124
11

1.035
0.094
6
1.045
0.094
8
1.046
0.092
17
1.049
0.107
6
1.058
0.109
8
1.080
0.116
14

1.070
0.080

1.099
0.109

1.165
0.175

1.072
0.082

1.099
0.108

1.165
0.175

DGP 5

200

200

200

200

200

200

50

50

50

100

100

100

2.500

1.500

0.500

2.500

1.500

0.500

0.134

0.160

0.202

0.132

0.157

0.206

0.942

0.943

0.941

0.952

0.952

0.954

0.281

0.397

0.665

0.284

0.397

0.665

1.033
0.085

1.037
0.091
10
1.038
0.091
11
1.049
0.079
16
1.059
0.091
20
1.074
0.109
20

1.033
0.119

1.032
0.114

1.037
0.102

1.040
0.122

1.055
0.125

1.073
0.130

1.034
0.104
S
1.035
0.097
7
1.038
0.091
12
1.046
0.095
7
1.058
0.101
10
1.081
0.113
20

1.044
0.082
14
1.053
0.094
15
1.077
0.112
17
1.052
0.082
20
1.069
0.097
20
1.104
0.135
20

1.046
0.123
4
1.060
0.124
6
1.082
0.129
10
1.053
0.121
4
1.068
0.123
6
1.107
0.151
9

1.047
0.109

1.060
0.115

1.078
0.117
15
1.052
0.107

1.069
0.117

1.111
0.148
11

1.072
0.081

1.101
0.111

1.165
0.174

1.070
0.080

1.100
0.109

1.168
0.178
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Model 1, LIML

T N o? o2 p ”Z—:l R, | FLM, FLM; FLM,. LM, LM; LM, OLS
200 50 1.000 1.000 | 0.253 0.0563 0.527 | 2.025 2.017  2.027 2.029 2.011 2.030 2.389
0.153  0.154  0.153 0.153 0.158 0.161 0.420

) 4 5 9 20 4
200 50 1.000 5.000 | 0.633 0.325 0.241 | 2.174 2.123 2136 2.272 2113 2276 3.178
0.342 0320 0.331 0.382 0.322 0.418 1.202

6 3 4 10 16 2
200 100 1.000 1.000 | 0.429 0.042 0.527 | 2.077  2.002 2.0560 2.054 1.997 2.039 2.722
0.185 0.174 0.180 0.178 0.177 0.178 0.752

8 3 5 13 20 4
200 100 1.000 5.000 | 0.316 0.143 0.353 | 2.154 2.039  2.090 2.122 2.041 2.066 2.511
0.248 0.211 0.219 0.230 0.218 0.224 0.542

10 3 b} 15 20 4
200 50 3.000 1.000 | 0.539 0.057 0.297 | 2.103 2.063  2.072 2.085 2.014 2.099 2.842
0.236 0.234 0.231 0.231 0.236 0.241 0.865

6 3 4 8 20 2
200 50 3.000 5.000 | 0.508 0.245 0.300 | 2.104 2.068 2.080 2.129 2.035 2.087 2.783
0.233 0.227  0.229 0.244 0.230 0.232 0.807

6 3 4 10 19 2
200 100 3.000 1.000 | 0.295 0.030 0.322 | 2.125 2.034 2.075 2.041 1.999 2.035 2.418
0.215 0.192  0.199 0.187 0.201 0.196 0.447

10 3 5 9 20 2
200 100 3.000 5.000 | 0.296 0.169 0.375 | 2.119  2.032 2.072  2.094 2.025 2.063 2.417
0.199 0170  0.1v6 0.184 0.178 0.179 0.443

10 3 5 17 20 4
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Modell: Fuller

T N o2 o? p . %, | FFU, FFU; FFU,. FU, FU; FU, OLS

200 50 1.000 1.000 | 0.253 0.053 0.527 | 2.022 2.013 2.023 2.026 2.007 2.026 2.389
0.153 0.154 0.154 0.153 0.159 0.162 0.420
5 4 5 9 20 4

200 50 1.000 5.000 | 0.633 0.325 0.241 | 2.149 2.090 2.106 2.252 2.085 2.245 3.178
0.339 0.322 0.331 0373 0.323 0.407 1.202
6 3 4 10 16 2

200 100 1.000 1.000 | 0.429 0.042 0.527 | 2.071 1.995 2.044 2.048 1.991 2.032 2.722
0.183 0.175 0.180 0.178 0.179 0.178 0.752
8 3 5 13 20 4

200 100 1.000 5.000 | 0.316 0.143 0.353 | 2.149 2.031 2.084 2.118 2.034 2.058 2.511
0.246 0.212 0.219 0228 0.219 0.225 0.542
10 3 5 15 20 4

200 50 3.000 1.000 | 0.539 0.057 0.297 | 2.090 2.037 2.057 2.072 1.999 2.084 2.842
0.234 0.237 0.233 0231 0.242 0.241 0.865
6 3 4 8 20 2

200 50 3.000 5.000 | 0.508 0.245 0.300 | 2.091 2.053 2.066 2.118 2.021 2.071 2.783
0.231 0.228 0.229 0.241 0.234 0.232 0.807
6 3 4 10 19 2

200 100 3.000 1.000 | 0.295 0.030 0.322 | 2.122 2.027 2.069 2.036 1.992 2.028 2.418
0214 0.194 0.199 0.188 0.205 0.198 0.447
10 3 5 9 20 2

200 100 3.000 5.000 | 0.296 0.169 0.375 | 2.116 2.026  2.068 2.091 2.020 2.058 2.417
0.197 0.171  0.175 0.183 0.180 0.179 0.443
10 3 5 17 20 4
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Model 2: LIML

T N R | p E2 R [FLM, FLM, FLM,, LM, LM, LM, OLS
DGP 2

200 50 0.900 | 0.157 0.941 0.899 | 1.006 1.007 1.005 1.008 1.008 1.007 1.050
0.029 0032 0.028 0.029 0.030 0.028 0.054
11 8 17 14 13 20

200 50 0.750 | 0.249 0.941 0.750 | 1.019 1.023  1.017 1.025 1.026 1.021 1.125
0.053  0.059  0.051 0.053 0.058 0.050 0.129
11 7 14 14 12 19

200 50 0.500 | 0.351 0.941 0.495 | 1.052 1.064 1.057 1.065 1.075 1.068 1.249
0.102 0124 0.108 0.104 0.117 0.108 0.253
11 5 9 14 8 12

200 100 0.900 | 0.157 0.952 0.899 | 1.012 1.014 1.014 1010 1.016 1.015 1.050
0.032 0039 0.032 0.031 0.037 0.035 0.055
20 8 20 20 15 19

200 100 0.750 | 0.248 0.954 0.748 | 1.034 1.044  1.042 1.029 1.046 1.043 1.124
0.060  0.077  0.064 0.057 0.072 0.067 0.129
20 7 20 20 12 16

200 100 0.500 | 0.352 0.953 0.497 | 1.099 1.107 1.110 1.089 1.126 1.122 1.249
0.125  0.153  0.138 0.118 0.160 0.152 0.253
20 5 14 20 8 10

DGP 3

200 50 0.900 | 0.158 0.942 0.899 | 1.007 1.008 1.005 1.019 1019 1.017 1.050
0.031  0.034 0.030 0.037 0.040 0.037 0.055
11 8 17 18 14 19

200 50 0.750 | 0.250 0.943 0.748 | 1.019 1.021  1.019 1.047 1.053 1.047 1.126
0.057 0.061  0.056 0.072 0.082 0.074 0.131
11 7 14 18 11 17

200 50 0.500 | 0.351 0.941 0.497 | 1.049 1.062 1.052 1102 1.126 1.121 1.249
0.098 0.119 0102 0.131 0.166 0.154 0.253
11 5 9 16 7 10

200 100 0.900 | 0.157 0.952 0.899 | 1.013  1.015  1.016 1.024 1.026 1.027 1.050
0.033  0.037 0.033 0.044 0.048 0.046 0.054
20 8 20 20 13 14

200 100 0.750 | 0.248 0.952 0.749 | 1.033  1.040  1.040 1.059 1.066 1.067 1.124
0.059  0.076  0.064 0.081 0.092 0.090 0.129
20 7 20 20 11 12

200 100 0.500 | 0.354 0.954 0.497 | 1.104 1.118  1.115 1139 1161 1.162 1.251
0.131  0.164 0.144 0.164 0.195 0.191 0.255
20 5 14 20 7 8
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Model 2: Fuller

T N R p % R%, | FFU, FFU; FFU, FU, FU; FU,. OLS
DGP 2

200 50 0.900 | 0.157 0.941 0.899 | 1.006 1.007v 1.004 1.008 1.008 1.007 1.050
0.029 0.032 0.028 0.029 0.030 0.028 0.054
11 8 17 14 13 20

200 50 0.750 | 0.249 0.941 0.750 | 1.018 1.021 1.016 1.024 1.025 1.020 1.125
0.053 0.059 0.051 0.053 0.058 0.049 0.129
11 7 14 14 12 19

200 50 0.500 | 0.351 0.941 0.495 | 1.049 1.089 1.054 1.063 1.072 1.066 1.249
0.101 0.124 0.108 0.103 0.116 0.107 0.253
11 ) 9 14 8 12

200 100 0.900 | 0.157 0.952 0.899 | 1.011 1.014 1.014 1.009 1.016 1.015 1.050
0.032 0.039 0.032 0.031 0.037 0.035 0.055
20 8 20 20 15 19

200 100 0.750 | 0.248 0.954 0.748 | 1.034 1.043 1.042 1.028 1.045 1.043 1.124
0.060 0.0v7 0.064 0.057 0.072 0.066 0.129
20 7 20 20 12 16

200 100 0.500 | 0.352 0.953 0497 | 1.097 1.104 1.109 1.087 1.124 1.120 1.249
0.124 0.152 0.137 0.118 0.159 0.151 0.253
20 ) 14 20 8 10

DGP 3

200 50 0.900 | 0.158 0.942 0.899 | 1.006 1.007v 1.005 1.019 1.018 1.017 1.050
0.031 0.034 0.030 0.037 0.040 0.037 0.055
11 8 17 18 14 19

200 50 0.750 | 0.250 0.943 0.v48 | 1.018 1.020 1.018 1.046 1.052 1.046 1.126
0.057 0.061 0.056 0.072 0.082 0.074 0.131
11 7 14 18 11 17

200 50 0.500 | 0.351 0.941 0.497 | 1.046 1.058 1.049 1.101 1.123 1.119 1.249
0.097 0.118 0.102 0.130 0.165 0.154 0.253
11 ) 9 16 7 10

200 100 0.900 | 0.157 0.952 0.899 | 1.013 1.014 1.015 1.024 1.026 1.027 1.050
0.033 0.037 0.033 0.044 0.048 0.046 0.054
20 8 20 20 13 14

200 100 0.750 | 0.248 0.952 0.749 | 1.032 1.039 1.040 1.058 1.065 1.066 1.124
0.069 0.0v6 0.063 0.081 0.092 0.090 0.129
20 7 20 20 11 12

200 100 0.500 | 0.354 0.954 0.497 | 1.102 1.115 1.113 1.137 1.159 1.160 1.251
0.130 0.164 0.143 0.163 0.194 0.191 0.255
20 ) 14 20 7 8
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Model 3: LIML

T N Ry | p E2 R [FLM, FLM, FLM,, LM, LM, LM, OLS
DGP 4

200 50 2500 | 0.130 0.941 0.284 ] 1.025 1.035 1.030 1.028 1.032 1.032 1.070
0.088 0.114  0.102 0.080 0.105 0.097 0.080

9 3 5 13 5 6
200 50 1.500 | 0.157 0.941 0.401 | 1.025 1.035 1.031 1.034 1.040 1.038 1.099
0.090  0.114  0.097 0.088 0.105 0.097 0.109

11 4 7 14 6 8
200 50 0.500 | 0.201 0.941 0.663 | 1.027 1.031  1.025 1.032 1.037 1.029 1.165
0.095 0.107  0.094 0.090 0.097 0.089 0.175

11 6 12 4 10 17
200 100 2500 | 0.134 0.952 0.282 | 1.043 1.042 1.043 1.038 1.046 1.047 1.072
0.089 0.124 0.108 0.088 0.117 0.110 0.082

16 3 7 20 5 6
200 100 1.500 | 0.156 0.954 0.397 | 1.051  1.055 1.054 1.043 1.053 1.053 1.099
0.092 0128 0.104 0.091 0.121 0.113 0.108

20 4 10 20 6 8
200 100 0.500 | 0.202 0.953 0.664 | 1.051 1.061 1.061 1.044 1.071 1.067 1.165
0.098 0.124  0.103 0.095 0.124 0.113 0.175

20 6 20 20 11 14

DGP 5

200 50 2500 | 0.134 0942 0281 ] 1.027 1.033 1.032 1.038 1.044 1.045 1.072
0.093 0.118  0.106 0.089 0.122 0.112 0.081

9 3 5 14 4 5
200 50 1.500 | 0.160 0.943 0.397 | 1.027 1.028  1.029 1.043 1.057 1.055 1.101
0.096 0.116  0.101 0.098 0.128 0.118 0.111

10 4 7 15 6 7
200 50 0.500 | 0.202 0.941 0.665 | 1.024 1.030 1.024 1.061 1.072 1.064 1.165
0.092 0103  0.091 0.108 0.130 0.115 0.174

11 6 12 17 10 15
200 100 2500 | 0.132 0.952 0.284 | 1.043 1.039 1.042 1.046 1.052 1.051 1.070
0.084 0.121 0100 0.090 0.124 0.111 0.080

16 3 7 20 4 5
200 100 1.500 | 0.157 0.952 0.397 | 1.049 1.053  1.052 1.060 1.065 1.066 1.100
0.095 0.127 0106 0.102 0.127 0.120 0.109

20 4 10 20 6 7
200 100 0.500 | 0.206 0.954 0.665 | 1.054 1.066  1.065 1.087 1.100 1.103 1.168
0.103 0132 0107 0.132 0.152 0.148 0.178

20 6 20 20 9 11
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Model 3: Fuller

T N R p % R%, | FFU, FFU; FFU, FU, FU; FU,. OLS
DGP 4

200 50 2,500 | 0.130 0.941 0.284 | 1.024 1.034 1.029 1.027v 1.030 1.031 1.070
0.089 0.120 0.105 0.080 0.109 0.100 0.080

9 3 5 13 ) 6
200 50 1.500 | 0.157 0.941 0401 | 1.024 1.033 1.030 1.033 1.039 1.037 1.099
0.091 0.117 0.098 0.088 0.106 0.097 0.109

11 4 7 14 6 8
200 50 0.500 | 0.201 0.941 0.663 | 1.025 1.029 1.023 1.031 1.036 1.028 1.165
0.095 0.107 0.094 0.090 0.097 0.089 0.175

11 6 12 14 10 17
200 100 2.500 | 0.134 0.952 0.282 | 1.043 1.040 1.042 1.038 1.045 1.046 1.072
0.090 0.130 0.110 0.088 0.122 0.113 0.082

16 3 7 20 ) 6
200 100 1.500 | 0.156 0.954 0.397 | 1.050 1.054 1.053 1.042 1.051 1.052 1.099
0.092 0.131 0.105 0.091 0.123 0.114 0.108

20 4 10 20 6 8
200 100 0.500 | 0.202 0.953 0.664 | 1.050 1.059 1.060 1.043 1.069 1.066 1.165
0.098 0.124 0.102 0.094 0.124 0.113 0.175

20 6 20 20 11 14

DGP 5

200 50 2,500 | 0.134 0.942 0.281 | 1.026 1.031 1.031 1.038 1.043 1.044 1.072
0.095 0.124 0.111 0.090 0.128 0.115 0.081

9 3 ) 14 4 )
200 50 1.500 | 0.160 0.943 0.397 | 1.026 1.026 1.027 1.042 1.055 1.054 1.101
0.097 0.119 0.103 0.098 0.131 0.120 0.111

10 4 7 15 6 7
200 50 0.500 | 0.202 0.941 0.665 | 1.022 1.028 1.022 1.060 1.071 1.063 1.165
0.092 0.104 0.091 0.108 0.130 0.115 0.174

11 6 12 17 10 15
200 100 2.500 | 0.132 0.952 0.284 | 1.043 1.037 1.042 1.046 1.061 1.050 1.070
0.085 0.127 0.102 0.090 0.129 0.114 0.080

16 3 7 20 4 5
200 100 1.500 | 0.157 0.952 0.397 | 1.049 1.051 1.061 1.060 1.064 1.065 1.100
0.095 0.130 0.107 0.102 0.130 0.122 0.109

20 4 10 20 6 7
200 100 0.500 | 0.206 0.954 0.665 | 1.053 1.064 1.064 1.086 1.098 1.101 1.168
0.103 0.132 0.107 0.132 0.153 0.148 0.178

20 6 20 20 9 11
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Table 4a: Estimates of 1/

~

(0 s.e. t N*  R2,

FIV, | 0.470 0.245 1918 11 0.361
FIV, | 1453 0501 2900 2 0.130
FIV,. | 0.769 0.346 2.225 5 0.223
1V, | 0.150 0.222 0.675 14 0.375
1V -0.271 0.274 -0.987 12 0.204
1V; -0.281 0.375 -0.750 2 0.200
v 0.526 0.498 1.0565 3 0.082
OLS | 0.409 0.168 2427 1 1.000

Table 4b: Estimates of v

12 s.e. t N* RZ,
FIV, | 0.089 0.056 1.589 13 0.515
FIV, | 0.066 0.101 0649 3 0.231
FIV,. | 0.109 0.058 1.895 9 0.458
1V, |-0.004 0.059 -0.063 17 0.528
1V 0.010 0.054 0.176 20 0.354
1V; -0.121 0.099 -1.221 5 0.288
v 0.058 0.090 0.645 3 0.279
OLS | 0.120 0.050 2.427 1 1.000
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