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Limits on the memory storage capacity of

bounded synapses

Stefano Fusi & L F Abbott

Memories maintained in patterns of synaptic connectivity are rapidly overwritten and destroyed by ongoing plasticity related to the
storage of new memories. Short memory lifetimes arise from the bounds that must be imposed on synaptic efficacy in any realistic
model. We explored whether memory performance can be improved by allowing synapses to traverse a large number of states
before reaching their bounds, or by changing the way these bounds are imposed. In the case of hard bounds, memory lifetimes
grow proportional to the square of the number of synaptic states, but only if potentiation and depression are precisely balanced.
Improved performance can be obtained without fine tuning by imposing soft bounds, but this improvement is only linear with
respect to the number of synaptic states. We explored several other possibilities and conclude that improving memory
performance requires a more radical modification of the standard model of memory storage.

The idea that memories are stored through long-lasting modifications
of synaptic strengths within neural circuits has become a basic postulate
of neuroscience. Experimentalists have made great strides in providing
evidence for this viewpoint"2, and theorists have added further sup-
port>*, In particular, theorists have shown that models using long-term
synaptic plasticity as a storage mechanism can retain enormous
numbers of memories for long periods of time. The models used to
establish this result involve many simplifying assumptions and not-so-
realistic features, but it has generally been believed that their impressive
memory performance is not an artifact of these simplifications and
would generalize to more realistic models. Unfortunately, this is not
true. The remarkable memory capacity of the classic neural network
models depends critically on one of their least realistic features, the fact
that their synapses are unbounded. Modifying this single feature by
placing reasonable bounds on synaptic efficacies reduces memory
capacity in these models so drastically that it shakes the entire
theoretical underpinnings supporting the link between memory (and
learning) and long-lasting modifications of synaptic strength>~”.

The dominant factor that causes memory traces to decay over time in
models®~, experiments involving in vitro®'2 and in vivo'>1° synaptic
modification, and psychophysical studies?®-?? is overwriting of the
synaptic modifications representing the memory by ongoing plasticity.
This can occur due to synaptic modifications arising from spontaneous
activity, or synapses retaining a trace of one memory can be overwritten
when other memories are stored that share some of the same synapses as
the first memory. We use the term ‘ongoing plasticity’ to refer to both of
these effects. In the models we consider, the rate of ongoing plasticity
events, which we denote by r, is a critical parameter that sets the scale for
memory lifetimes. It is difficult to know what value r takes, but it can be
estimated. For example, spike pairings suitable for inducing synaptic

potentiation or depression through spike timing—dependent plasticity
(see, for example, ref. 23) caused by pre- and postsynaptic neurons
firing at 1 Hz occur about once a minute. We keep r as an unknown
factor that sets the scale for the memory lifetimes we compute, but we
estimate that 1/r lies somewhere between 10 and 100 s.

To study how quickly memories are forgotten, we focus on one
particular memory and track its mnemonic trace in the presence of
ongoing plasticity. We isolate the synapses that are modified during
storage of the specific tracked memory, and we determine the rate at
which these synapses return to an equilibrium distribution and the
memory trace is lost. To simplify this calculation, we assume that
ongoing plasticity that is due to spontaneous activity and to the storage
of new memories is uncorrelated with the plasticity that stored the
particular memory we are tracking.

Previous work has shown that ongoing plasticity causes an expo-
nential degradation of memory traces if synaptic efficacies are restricted
to lie within realistic ranges®”?*. We refer to the time constant
governing this exponential decay as the memory lifetime and denote
it by 7. Memories can only be recovered from a population of
n synapses for a time of order t In(n) after they have been stored>”’
(see also Methods). Because the lifetime 7 is proportional to 1/r, which
we estimate to be around 1 min, and the logarithm is such a slowly
increasing function, memory capacity is extremely small even if n
includes every synapse in the brain. Two methods come to mind for
evading this catastrophe. One is to require synapses to traverse many
different states before they reach their bounds. It has been suggested
previously that this might improve memory performance signifi-
cantly®. Here we show that this improvement is not robust. The
other, which we also explore, is to modify how the bounds that limit
the range of synaptic efficacy are implemented. It should be stressed
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that neither of these changes affects the logarithmic dependence of
memory capacity on the number of synapses used to store the
memories. Changing this requires a more dramatic shift in the way
synapses store memories”. Instead, we explore here whether the
coefficient T multiplying the logarithmic dependence can be increased
enough to compensate for the severe limits on memory capacity in
models without such metaplasticity.

RESULTS
Studying memory storage, maintenance and retrieval by neural circuits
raises numerous questions and problems for both theoretical and
experimental investigation. We attempted to reduce the number of
issues and uncertainties by taking an ‘ideal observer’ approach?.
Rather than constructing a hypothetical neural network that stores
and recovers memories through synaptic modification, we directly
track the states of the synapses that such a network would use. In other
words, we model how synapses are modified during both memory
storage and ongoing activity and ask whether a memory trace can be
detected within this population of synapses by examining the synapses
directly, rather than by examining the output of network neurons. Of
course, we are not proposing that neural circuits directly measure
synaptic strengths as we do. Rather, our approach extracts an upper
bound on memory performance that optimal circuits may approach
but that no circuit can exceed. The advantage of this approach is that it
allows us to determine the strength and lifetime of memory traces
without having to speculate about how neural circuits actually recover
and reveal those traces.

We characterize the strength of each synapse by a weight parameter,
w, that falls between 0 and 1. Thus, we measure synaptic strength in
units of the maximum possible synaptic efficacy. When synaptic
plasticity occurs, the synapse is modified according to

(1)

for potentiation and depression, respectively. The expressions g(w)
and q_(w) represent weight-dependent factors that determine the size
of the potentiation and depression modifications.

In addition to the rate of ongoing plasticity, r, we needed to know the
relative amounts of potentiation and depression making up the
ongoing plasticity. We denote the probability of plasticity being
potentiating as f; and the corresponding probability for depression
as f_, with f; + f_ = 1. The rates of events that cause potentiation and
depression are thus rf; and rf, respectively.

With these parameters defined and set to particular values, we can
proceed to examine the memory storage properties of populations of n
synapses. We subject these synapses to continuous modifications at the
rates given above until an equilibrium configuration is achieved. This
equilibrium is characterized by constant distributions of synaptic
efficacy, although modification of individual synapses is still proceed-
ing. We denote the average value of synaptic efficacy at equilibrium by
w. We then introduce a particular memory that we will track over time
to study features of memory storage. It should be stressed that this
particular memory is no different from any of the other memories
whose storage is represented by the ongoing synaptic modifications,
nor is it the only memory being stored by the system. It is just a
particular memory that we happen to choose to monitor.

The tracked memory is initially stored by imposing a pattern of
synaptic potentiations and depressions on the population of synapses.
At any later time, we define the memory trace or ‘signal’ as the average
distance separating the potentiated and depressed synapses from their
equilibrium values. In other words, the memory signal for 2 synapses is

w— wHqgi(w) orw—w—q_(w)

s:i(Zwm Zwm) @

i=pot i=dep

where the sums are over all the synapses potentiated (first sum) and
depressed (second sum) by the memory event being tracked. Note that
the average value of the synaptic strengths does not have to be altered
by memory storage. The tracked memory is detectable only because we
have divided the population of synapses into two groups on the basis of
whether they were potentiated or depressed during the storage of this
particular memory.

The signal given by equation (2) must be detected despite the fact
that synapses are continually changing their values as a result of
ongoing plasticity, which causes the memory signal to fluctuate and
degrade. The fluctuations introduce a ‘noise’ N, defined as the s.d. of
the signal (see Methods). The detectability of the memory trace is
determined by the signal-to-noise ratio, S/N. Specifically, we use two
quantities to characterize the quality of memory storage®®: the initial
signal-to-noise ratio right after the tracked memory is stored, labeled
So/Ny, and the memory lifetime 7, which is the time constant describing
the exponential decay of the memory signal-to-noise ratio over time®’.
So/ Ny gives the strength of the initial memory trace and t controls how
long it is detectable, as discussed in the introduction. Our primary
interest is in the memory lifetime, so we concentrate on that quantity,
but we report So/Nj values as well to verify that the memory trace for
which we are reporting a given lifetime is detectable.

To compute the memory signal given by equation (2), we need to
split the population of synapses into two groups: those potentiated and
those depressed by the tracked memory. This is what we do for all the
mean-field simulations (see Methods). However, when we discuss and
compute memory lifetimes, we keep track of only one of these two
groups, the group potentiated by the tracked memory. We do this
because the analysis for the depressed group of synapses is identical to
that for the potentiated group, except for obvious reversals of the roles
of potentiation and depression. In particular, the lifetimes we report for
the potentiated group of synapses apply equally to the depressed set if
the parameters for depression and potentiation are interchanged.

A basic issue we explore is whether memory lifetimes can be
increased by reducing the amount by which each potentiation and
depression modifies synaptic efficacies. The idea is that smaller changes
are less destructive to a stored memory®”?*27, We use a parameter o to
characterize the magnitude of each potentiation or depression, and
many of our results are expressed in terms of this parameter. There are a
number of ways in which o can be interpreted. For the description we
use here, the entire allowed range of synaptic efficacy, from the weakest
allowed synapse to the strongest, defines 1 unit of synaptic strength. In
these units, o sets the scale of the efficacy change induced by a single
plasticity event. We consider the case when the range of synaptic
efficacies is kept fixed and the plasticity step size, controlled by o, is
modified. Alternatively, the plasticity step size could be held fixed and
the allowed range of efficacies could be expanded proportional to 1/a.
The results we report for memory lifetimes apply to either case. Our
results for the initial signal-to-noise ratio, however, should be multi-
plied by 1/ if this latter interpretation is used. In either case, the
number of unitary plasticity events of a given type (potentiation or
depression) required to move the synapse from one limit of its efficacy
range to the other is proportional to 1/o. We typically treat synaptic
efficacy as a continuous variable taking any value in the allowed range,
but our results apply equally to cases in which synaptic strength only
takes a number m of discrete values corresponding to m synaptic states.
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In this case, 1/a is equivalent to m. In other words, reducing o can be
interpreted as increasing the number of synaptic states.

Having described the framework we use, we now explore how
different plasticity modification functions, q.(w) and g_(w), affect
memory performance. Recall that the poor memory performance
in the class of models we are studying arises from the presence of
bounds on the synaptic strengths that store the memories. We will
focus on two aspects of plasticity: the magnitudes of ¢, (w) and q_(w)
and their dependence on the synaptic strength w. Studying the first
allows us to see whether memory performance can be improved by
forcing the synapse to step through many states before it reaches a
boundary. The second aspect relates to the question of whether
modifying the way in which bounds on synaptic strength are imposed
can improve memory performance.

Hard bounds

We begin by considering the so-called hard boundary case in which the
step sizes for potentiation and depression are constant, independent of
the synaptic weight,

3)

within the range 0 < w < 1, and the boundaries at w = 0 and w = 1
are imposed by truncating any transitions that would take a
synaptic weight outside the allowed range between 0 and 1. (We
could allow for different values of « for potentiation and depression,
but any such differences can be absorbed into the factors f, and f
that we have introduced, so we do not consider this further.)
Memory storage under these conditions is illustrated in Figure 1,
which shows histograms for the population of synapses potentiated by
the tracked memory.

We distinguish two cases in Figure 1: the balanced case when
potentiation and depression are equally likely (f, = f., Fig. 1a), and
the unbalanced case in which they are not (f; # f, Fig. 1b). In the
balanced case, the equilibrium configuration for synaptic strengths
before storage of the tracked memory is uniform (Fig. la, left),
indicating that synaptic strengths are equally likely to take any of the
allowed values. In the distribution immediately after this set of synapses
has been potentiated during the storage of the tracked memory
(Fig. 1a, middle), potentiation of the synapses has emptied the left-
most bin and moved the excess into the right-most bin. At a time
t = 50/r after the tracked memory was stored, the distribution of
synaptic weights has returned to its equilibrium configuration, and no
trace of the stored memory remains. Recalling that we estimate 1/r to be
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Figure 1 Distributions F of strength for synapses potentiated by the tracked
memory and constrained by hard bounds. In both a and b, the upper row of
panels corresponds to o = 1/8 and the lower row to o = 1/16. The bin sizes
are set equal to the value of o, so potentiation shifts synapses one bin to the
right in both cases. The left panels show the synaptic strength distribution at
equilibrium, before the tracked memory is stored. The distribution is uniform
and the tick marks outside the frames indicate the height of the bins at
equilibrium. The middle panels show the distribution immediately after the
tracked memory has been stored, and the right panels show the distribution
at a time t = 50/r after memory storage. The scale for Fis such that the total
area under the histogram is 1 in all cases. (a) Balanced potentiation and
depression ( f, — - = 0). Memory lifetime is longer for smaller values of

o (lower row of panels). (b) Unbalanced potentiation and depression

(f, — £.=-0.2). Memory lifetime is no longer improved by making o smaller.
In the upper row of panels, the x axis has been scaled by a factor of 2.

of order 1 min, this illustrates the short memory lifetime in models
with bounded synapses.

The lower row of panels in Figure 1a illustrates the improvement in
memory lifetime caused by reducing the potentiation step size by a
factor of 2. The left, middle, and right panels show the distribution of
synaptic strengths at the same times as the upper row of panels. In this
case, the distribution of synaptic strengths has not yet returned to
equilibrium by the time t = 50/r shown in the rightmost panel,
indicating that the memory trace had not yet vanished. Thus, halving
the step size for potentiation improved the memory lifetime®. This
improvement provided the motivation for our study, because we
wondered how general and robust it was.

A simple argument can explain the improved memory lifetime
(Fig. 1a). When potentiation and depression are balanced, the random
walk in the space of synaptic weights due to ongoing plasticity is
unbiased, so the return to equilibrium is a diffusion process. In other
words, when the synapses move up and down by the same average
amount, their evolution is described by a random walk without drift.
This description is not valid when the random walk hits the boundaries,
but we use it as an approximation to estimate the motion between the
boundaries. Each new plasticity event represents a step in this random
walk, and in time ¢ there are rt such steps. The distance traveled by a
random walk of step size « in rt steps is of the order of o/7t. Memory
storage moves a block of synapses all the way from the leftmost bin of
the strength histogram to the rightmost bin (Fig. 1a, middle panels).
Thus, the effects of the storage of the tracked memory will be erased
roughly when the random walk has had time to move these synapses all
the way across the histogram, a distance of 1. This occurs when
oy/rt & 1, from which we find the memory lifetime to be T ~ 1/
(ra2). Thus, in the balanced case, the memory lifetime grows as 1/ o2, the
inverse of the square of the plasticity step size.

When potentiation and depression are not balanced, the equilibrium
distribution is not flat, but rather exponential (Fig. 1b, left). In the
case shown, f; < f, so the equilibrium distribution is skewed toward
the lower bound of synaptic strength. When the memory is stored
(Fig. 1b, middle), the distributions for both values of o (upper and
lower panels) shift one bin to the right. In this unbalanced case, both
distributions return to equilibrium and the memory trace has dis-
appeared by the time ¢t = 50/, corresponding to the rightmost panels.
Thus, the advantage of a smaller potentiation step size that we found
when potentiation and depression were balanced disappears in the
unbalanced case.

When potentiation and depression are unbalanced, the random walk
that erases the memory trace is biased away from the middle of the
synaptic range, producing an overall drift of the system at a speed ar
(the contribution of the much slower diffusion is negligible in this
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case). In addition, as can be seen from the
middle column of panels in Figure 1b, mem-
ory storage in the unbalanced case moves the
histogram only one bin to the right, a distance
o.. The time required to undo this shift is then
determined by art = o, which gives a memory
lifetime of T = 1/r, which is independent of a..
Thus, in the unbalanced case, there is no 0
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when the step size for plasticity is decreased.

Memory performance, quantified by the
memory lifetime 7 and the initial signal-to-
noise ratio So/Np, in both the balanced and

unbalanced cases is illustrated in Figure 2. -
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Figure 2 Memory performance with hard bounds. All lines are mean-field simulations for n = 10,000
synapses. (a) Memory lifetime (in units of 1/r) versus 1/« for different levels of imbalance, as indicated in
the key. (b) Memory lifetime (in units of 1/r) versus the degree of imbalance for different values of 1/a,
as indicated in the key. (c) Initial signal-to-noise ratio versus 1/x for different levels of imbalance, as

The memory lifetime is defined as the time
constant of the slowest exponential compo-
nent in the convergence to the equilibrium distribution. We deter-
mined 7 both by fitting an exponential function to the signal-to-noise
ratio for large times and by numerically computing the subdominant
eigenvalue of the matrix of synaptic transitions (see Methods). The two
results were almost identical, so we plot only the one obtained from the
subdominant eigenvalue. As o decreases, T continues increasing quad-
ratically over the whole interval shown in Figure 2a only when
potentiation and depression are perfectly balanced. If the balance
between the effects of potentiation and depression is not maintained,
the improvement due to reducing the potentiation step size becomes
negligible (Fig. 2a,b). The initial signal-to-noise ratio is proportional to
o in the balanced case and tends to a nonzero constant in the
unbalanced case (Fig. 2¢). The latter is due to the fact that both the
signal and the noise go to zero at the same rate as o decreases.

We have described two effects of plasticity step size on memory
lifetime depending on whether the plasticity is balanced or not, but
what determines the degree of balance that separates these two
behaviors? We can answer this question by computing the memory
lifetime analytically. This is done by describing the ongoing plasticity
that degrades the tracked memory as a Markov process. The detailed
calculation is given in the Supplementary Methods online. Briefly, the
decay of the memory trace is controlled by the subdominant eigenvalue
/m of the Markov matrix describing ongoing synaptic modification,
specifically T = 1/(r(1 — Ay)). When the potentiation step size is small,
the resulting lifetime is

1

B r(VFr = V) +o2mer /o f-

This illustrates the two behaviors we have been describing. When f; is
close enough to f so that the second term in the denominator
dominates over the first term, the memory lifetime is approximately

(4)

T

1

TR ———
022/ fif-

which grows with decreasing o like 1/a>. However, if the first term
dominates, we have

()

1
N VRV ©

which is independent of o. For any nonzero degree of imbalance
(fi — £~ # 0), no matter how small, there is a point beyond which

reducing « does not enhance memory lifetime quadratically. The
requirement for approximately quadratic improvement is

o V=V
n(fif):

In summary, decreasing the plasticity step size leads to improved
memory lifetimes only when synaptic potentiation and depression
are balanced against each other, and for any degree of imbalance there is
a minimum step size below which no further improvement in memory

(7)

performance occurs.

Notice that in our analysis we decided to track a generic memory,
which is preceded by a large number of events that have already
generated memory traces. Hence the initial distribution of the synapses
was chosen to be the equilibrium distribution. If we prepare the
synapses in a special state before we store the memory that we intend
to track, its memory lifetime can be improved by decreasing the
plasticity step size even when potentiation and depression are not
balanced. For example, if the synapses are all set to an intermediate
strength, the decay of the memory trace becomes exponential and
governed by the 7 of equation (4) only after a time proportional to 1/a.
Before this time, the synapses are dragged toward one of the two
extremes of the synaptic range, but they do not feel the boundaries, so
they behave like unbounded synapses. This improvement is illusory
because the condition that all synapses start from a specific value can be
imposed for only one memory, so the event that generates it becomes
special. Such a dependence on the initial distribution has been
exploited to build models of primacy and recency?3.

Soft bounds

The hard bounds considered in the previous section are a rather harsh
way of limiting synaptic strength, and this raises the question of
whether the requirement of balance for memory performance improve-
ment might be due to this particular form of bounding. In this section
we therefore consider a ‘softer’ way of limiting synaptic strength?*-31,
Soft bounds are introduced by allowing g, (w) and g_(w) to depend on
synaptic strength and by requiring that they vanish at the boundaries.
One way of doing this is to write

(8)

In this case, the equilibrium distribution of synaptic strengths is
approximately Gaussian, centered around a point w (Fig. 3a). Owing
to ongoing plasticity, synapses increase in strength at an average rate
of q,(w)fy, and they decrease in strength at an average rate of

q+(w) = a(l —w) and g_(w) = aw
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Figure 3 Soft bounds. (a) Histograms of equilibrium distributions of synaptic
efficacies with soft bounds for balanced (left) and unbalanced (right)
conditions, from mean-field simulations. (b) Memory performance. The level
of imbalance does not affect the result in this case. Left, memory lifetime (in
units of 1/r) versus 1/u. Right, initial signal-to-noise ratio versus 1/x. The
lines are mean-field simulations for n = 10,000 synapses and the points are
the theoretical prediction based on equation (9).

q-(w)f—. The equilibrium point is where these two opposite
synaptic drifts cancel each other. That is, w is determined by
q+(W)fy = g_(w)f—, which gives ofi(1 —w)=of_w. From this
we find that w = f,/(fy +f~) = fi. The last equality follows from
the fact that f, + f = 1.

The two panels in Figure 3a show distributions of synaptic
strengths for the balanced (f; = f., left) and unbalanced (f, > f,
right) cases. Note that these distributions are virtually identical except
for a shift. This suggests that there may be no significant difference
between the balanced and unbalanced cases when soft bounds are
applied—which, as we will see, is the case.

A simple calculation can be done to estimate the memory lifetime
to a remarkable degree of accuracy in the case of soft bounds. Recall
that to calculate the memory lifetime we need to find the slowest
exponential component in the convergence to the equilibrium dis-
tribution. The slowest component is determined by the location
where the drift is minimal, which is in the neighborhood of the
equilibrium point w. Therefore, we focus on the motion of synapses
in that region. We can think of the storage of the tracked memory
as shifting the potentiated synapses starting at w by an amount

Figure 4 Memory performance with generalized soft boundaries.

(a,b) Memory lifetime versus the inverse step size o when potentiation and
depression are balanced (f, = £- = 0.5; a) and unbalanced (f, = 0.4 and
f.= 0.6; b). The memory lifetimes are computed using a mean-field
approach. Different curves correspond to different values of the power 7. For
y > 0, the memory lifetime always scales linearly (slope of 1 on the log-log
plot) with 1/a, for small «, in both the balanced and the unbalanced cases.
(c,d) The slope of rr versus 1/x estimated according to equation (13) as a
function of y for the balanced case (c), and for two unbalanced cases (d):
f,=0.4and f.=0.6,asin (b), and f, = 0.3 and f. = 0.7. The theoretical
estimates (solid lines) are compared to the results of the mean-field
simulations (diamonds, which correspond to the balanced case (c), circles
to f, = 0.4 (d) and triangles to f, = 0.3 (d) (with . = 1 - f,). For all plots
the number of synapses n is 104,
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q+(w). This moves them from the equilibrium point w to a value
w+q4(w). Shifting away from the equilibrium point induces a drift
velocity that pushes synapses back toward equilibrium (in the presence
of a drift, the effects of diffusion are small). The drift velocity is the
difference between the rightward velocity at the shifted point,
f+q+(W+q.(W)), caused by potentiation and the leftward velocity,
rf_q—(w+q+(w)), caused by depression. The resulting drift speed is
then vaug = rlfrq+ (W+q+(W)) — fq—(w+q+(w))|. The drift of the
distribution will undo the effects of memory storage at a time t when
Varie? = g+ (w). This gives a memory lifetime of

_ 9+ (W)
S Tt 4 () — )] ©)

Using the equations given above, we find, after a little algebra, that
7 = 1/(ar), which grows linearly with 1/o and is independent of
the state of balance or imbalance. This linear improvement is due to
the fact that the drift velocity is proportional to o and the drift
distance is proportional to o. The value of T given by equation (9) is
compared with mean-field simulation results in the left panel of
Figure 3b, and the linear improvement with 1/o is readily apparent.
In addition, the right panel of Figure 3b shows the initial signal-to-
noise ratio, which is proportional to /o because the signal is propor-
tional to o and the noise, given by the width of the equilibrium
distribution, is proportional to /.

In conclusion, memory lifetime is proportional to 1/a for synapses
constrained by these soft bounds. This produces a smaller improve-
ment in memory lifetime as o is decreased than the 1/a?> dependence of
the balanced case with hard bounds, but the improvement in this case is
not destroyed by unbalancing. Thus, the effects of small o with soft
bounds, though more modest, are more robust than those observed
with hard bounds.

Generalized soft bounds
A more general form for g(w) and q_(w) that still imposes soft
bounds is>!

(10)

g+(w) = a(1 —w)’ andq_(w) = aw’
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In this case, the average synaptic strength at equilibrium is

W (11)

1+ (f~/f)
We can compute the lifetime in this case from equation (9). The
calculation simplifies if we assume that o is small, so that we can write

q=(W+q: (W) ~ 4= (W) + 4. (W) (W) (12)
where the prime symbol denotes differentiation. After some algebra, we

find that

- ! (13)

ayr(fy (1 —w) '+ fow )

with w given by equation (11). As in the case of y = 1, considered in
the previous section, this lifetime scales as 1/a whether potentiation
and depression are balanced or not, as long as y>0. The memory
lifetime is plotted against 1/o in Figure 4a,b for the balanced and
the unbalanced cases, respectively. Different curves correspond to
different values of 7. For y = 0, we recover the results for the hard
bounds: in the balanced case, the memory lifetime grows quadratically
with 1/a, whereas when potentiation and depression are unbalanced, the
memory lifetime saturates. For y > 0, the memory lifetime 7 always
scales linearly with the inverse step size 1/a. In all these cases, 7 is
proportional to 1/o and the multiplying factor can be estimated by using
the approximate expression of equation (13). The theoretical estimate is
plotted for the balanced and unbalanced cases in Figure 4c,d, respec-
tively, and compared to the value obtained by running mean-field
simulations (diamonds, triangles and circles). The agreement between
the theoretical estimate and the simulations is excellent and the simple
estimate of equation (13) also captures the nonmonotonicity of the
curve corresponding to f; = 0.3. Models with large y seem to perform
better in terms of memory lifetime. However, the price to be paid is a
reduced initial signal-to-noise ratio that actually decreases rapidly with y
(as a power law).

Optimally adjusted bounds

The soft bound cases considered in the previous two sections have
memory lifetimes proportional to 1/o owing to their nonzero drift
velocities away from the equilibrium point. These models outperform
those with hard bounds for small o, except when potentiation and
depression are balanced, in which case hard bounds give a lifetime
proportional to 1/a2 as opposed to the 1/ dependence that occurs with
soft bounds. We now ask whether it is possible to construct a model
with soft bounds that retains the 1/o dependence in the unbalanced
case, but matches the 1/a? performance of hard bounds when potentia-
tion and depression are balanced.

Such a model does indeed exist. Consider

a.:(w) =3 (1= (2w—1)) and
o ) (14)
g-(w) =3 (1+ 2w — 1))

for y equal to an odd positive integer. The memory lifetime for this
model can be derived from equations (9) and (12), yielding

1
=
yor(2w — 1)

This shows that the model matches the 1/o dependence of other soft-
bound models. However, consider what happens in the balanced
situation when f; = f.. In this case, w = 1/2 (as can be derived by

Balanced Unbalanced
102 —————r——— 102

101 B \
100 sl
10" 102
4 4
10 — 10 I

Lol - 100 L

100 "
10° 102 10 102
1/o 1/o

Figure 5 Optimal soft-boundaries. Mean-field analysis of initial signal-to-
noise ratio (top) and memory lifetime (bottom) versus 1/ with n = 10%

for the balanced (left) and the unbalanced case (right) with f, = 0.4 and
f_= 0.6. Different curves correspond to different values of y (y = 1, 3, 5,
from dark to light). The black curve corresponds to the soft bound case

(y = 1), and it does not depend on the imbalance between potentiation and
depression. The other two curves show a memory lifetime which has an
almost quadratic dependence on 1/« (slope of 2 on the log-log plot) in the
balanced case, and a linear dependence (slope of 1 on the log-log plot)

in the unbalanced case.

setting q.(w) = q_(w)), and the denominator in the above lifetime
goes to zero. Clearly, something has gone wrong with the calculation in
this case. Looking back at the expansion of equation (12), we see what
the problem is. The first derivatives g/, (W) = ¢'.(1/2) are zero. As a
result, we must extend the expansion to second derivatives, but at this
point the diffusion term becomes as important as the drift term (see the
discussion below). Thus, we expect a quadratic dependence on 1/a, as
in the case of hard boundaries. This is confirmed by the mean-field
results shown in Figure 5.

Table 1 Dependences of memory lifetime and initial signal-to-noise
ratio on «

Model fo="*F T So/No
Hard bounds (equation 3) Balanced o2 o
Hard bounds (equation 3) Unbalanced ol 9
Soft bounds (equation 8) Balanced ol N
Soft bounds (equation 8) Unbalanced ol NZ
Generalized soft bounds (equation 10) Balanced ol Vo
Generalized soft bounds (equation 10) Unbalanced ol Vo
Special bounds (equation 14) Balanced alf2 ol-1/2n)
Special bounds (equation 14) Unbalanced ol Va

Shown are the dependences of memory lifetime and initial signal-to-noise ratio on the
plasticity step size o for the models considered in the text in the balanced (f, = f.) and
unbalanced (f, # f) cases. The equations refer to the definitions of g,(w) and g_(w) in
the different models.
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The above calculation might suggest that we can improve perfor-
mance even more by increasing the value of y. However, this does not
actually improve performance because diffusion, not drift, dominates
the dynamics for larger 7, producing a 1/o> dependence (Fig. 5).
For y = 5, the diffusion process again dominates, and the dependence
on 1/o is still quadratic in the balanced case and linear in the
unbalanced case. Notice that the estimate of t of equation (12) is
based on the assumption that the dynamics are entirely dominated by
drift. In the case in which diffusion also plays a role, the estimate is no
longer valid.

DISCUSSION

A summary of our results (Table 1) indicates that an improvement with
small plasticity step size proportional to 1/¢?> cannot be achieved
without some form of fine-tuning that maintains a balance between
potentiation and depression. It is more reasonable to expect that
memories might be retrievable for a time of order In(n)/(ar) (recalling
the logarithmic dependence on the number of synapses mentioned
in the introduction to this article). Although we discuss
primarily memory lifetimes, we have included results for the initial
signal-to-noise ratios of the memory trace in Table 1. This is because
it is often possible to extend memory lifetimes at the expense of
the initial signal-to-noise ratio, so both must be considered.
Memory storage involves a compromise between plasticity, which
improves the initial signal-to-noise ratio, and rigidity, which
maintains memories.

The factor 1/o: is obtained in the unbalanced case by introducing soft
bounds that prevent the weights from moving too far away from their
equilibrium value. The equilibrium point w is where the two synaptic
drifts cancel. So far we have restricted our analysis to the case of a single
equilibrium point, but we also investigated whether the existence of
multiple equilibrium points could significantly improve memory
performance. To answer this question, we have analyzed the periodic
case (q+(w) = q+(w + B), g_(w) = q_(w + f8)), with m = 1/f different
equilibria. To simplify the analysis, we assumed that g, (w) = g_(w) =
q(w). We found that the dependence of memory lifetime on  is similar
to the dependence on 1/o in the case of hard bounds: in the balanced
case the memory lifetime grows quadratically with the number of
minima, whereas in the unbalanced case it does not depend on . The
memory lifetime is also inversely proportional to the rate at which the
transitions from one equilibrium to the neighboring one occurs. This
rate is always larger than the minimum of g(w) over one period2. By
reducing this rate, the memory lifetime can be extended without
limitations. However, this happens at the price of reducing the initial
signal-to-noise ratio by the same factor. If the initial signal-to-noise
ratio becomes too small, memories cannot be retrieved, even immedi-
ately after they have been stored. To conclude, even in the more
complex case of multiple equilibrium points, the memory lifetime is
of order In(n)/(ar), where 1/o can be regarded either as the number of
synaptic states or the number of equilibria.

Using 1 = 10! synapses and taking « = 0.01 and 1/r = 1 min allows
memories to be recovered over a period of around 2 d, which is still
quite modest. We think it is more likely that o is not much smaller than
1 (refs. 33-36), and that memory storage through synapses like the ones
we have been describing lasts only for several minutes. It is interesting
to note that this is similar to the retention times for explicit memories
in people with medial temporal lobe lesions®’. Perhaps the residual
memory seen in such cases is due to storage in the type of synapses we
have been studying. If so, it is also interesting to note that there is no
need for the potentiation and depression responsible for such memory
storage to persist for more than the several minutes that memories last
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before ongoing plasticity erases them. In other words, there is no need
for the synapses to be more persistent than the memories they store.

We can extend our analysis to consider the possibility of synapses
being created and destroyed®® by introducing an additional state that
corresponds to the absence of the synapse. This can then be treated in
the same way as the other synaptic states. In this case, the memory
lifetime is still of the order of In(#)/(or) with roughly the same o, but
can now be regarded as the number of potential synapses, which can be
as large as 10%°. Even if we consider all these synapses, we still get a
modest memory lifetime because the increase in the logarithm is a
factor less than 2. If the transitions to and from the special state are
slow, the situation is similar to the case of multiple equilibria discussed
previously: the memory lifetime is controlled by the lowest transition
rate and can be very long, but at the price of a reduced initial signal-to-
noise ratio.

In our study, we considered a mnemonic trace (the signal) that is
read out by comparing the average synaptic weight of synapses
potentiated by the tracked memory to the average of synapses that
have been depressed. One might wonder whether the variance of the
synapses or some other higher-order statistics of the distribution might
contain a mnemonic trace that lasts longer than such averages (a first-
order statistics). Although we cannot answer this question in the most
general case, we believe that it is not possible. An analysis of second-
order statistics shows that the subdominant eigenvalue of the Markov
matrix controlling the convergence to equilibrium of the variance of the
synaptic weights is the same as the subdominant eigenvalue that
controls the decay of the mean, even if we consider correlations
between different synapses on the same dendritic tree.

How, then, are memories stored for longer periods of time?
One possibility is that long-lasting memories are protected from
overwriting by some mechanism>®40, or that synapses are modified
in a clever way by exploiting the feedback of an internal or external
supervisor that knows which synapses have to be modified to store a
new memory without compromising the old ones (for example, the
mechanism of learning of the perceptron*!=3). A second possibility is
that the amount of information acquired with each stored memory is
small, to the point that previous memories are essentially left
untouched. This can be achieved either by reducing the amount of
information contained in each memory (for example, in the case
of sparse patterns of neural activity®**) or by reducing the rate at
which synapses are modified (for example, by randomly selecting
only a small fraction of synapses whose modifications are consoli-
dated>®%%). In the latter case, it is possible to store a large number
of memories, provided that the events that generate them are repeated
a large number of times?®. This is yet another expression of the
tradeoff between memory lifetime and signal-to-noise ratio discussed
earlier: slowing down learning can extend memory lifetimes, but
this happens at the price of reducing the amount of information stored
after every synaptic modification.

Our results indicate that good memory performance requires
multistate synapses, but that the multiple states should not differ
simply in their synaptic efficacy. We have suggested elsewhere that
longer-term memory storage is possible using synapses the combine
plasticity with metaplasticity**® in a cascade of states®>. The
experimental implication of our results is that connecting synaptic
plasticity to memory requires more than simply accumulating
evidence about long-lasting modifications of synaptic efficacy.
Rather, we must map out the full synaptic state space and focus
on transitions not merely between states with different strengths but,
more importantly, between states that are subject to different degrees
and forms of plasticity.

NATURE NEUROSCIENCE VOLUME 10 | NUMBER 4 | APRIL 2007

491



@ © 2007 Nature Publishing Group http://www.nature.com/natureneuroscience

ARTICLES

METHODS

The model. We study the forgetting process by considering a scenario in which
synapses are exposed to a continuous stream of events, each generating a
memory. We select a particular memory and track its mnemonic trace while
other memories are being stored. In particular we consider the synapses that are
modified when the tracked memory is stored. Some of these are potentiated
(group ‘pot, which is a fraction f, of all synapses) and others are depressed
(group ‘dep, which is a fraction f):

w; — w;+q.(w;), i € pot
w; — wi — q_(w;), i € dep

where w; is the synaptic strength of synapse i and q,, q_ are the amounts by
which the synaptic strength is modified. In general, these factors depend on the
synaptic strength preceding the synaptic update. When other memories are
stored, we assume that the synaptic modifications are random and uncorrelated
with the modifications that generated the tracked memory. In particular, every
synapse is modified at rate r (that is, in a time interval ¢ each synapse is updated
rt times on average). Every time the synaptic strength w is modified, it is either
potentiated with probability f, or depressed with probability f:

w — w+q4(w) with probability f.
w — w — q_(w) with probability f_
Both synapses in group pot and in group dep are updated in the same way,

other than when the tracked memory is stored.

Signal and noise. The memory trace reflects the difference between the
synapses that have been potentiated and the synapses that have been depressed
by the tracked memory. The memory signal is a measure of this difference
defined as the average distance Sy, separating the potentiated synapses from
their equilibrium value minus the average distance Sge, between the depressed

synapses and their equilibrium values:
S(t) = Spot(t) = Saep(1) (15)

where:

Spoa() =7 S (wi(t) ) (16)

i=pot/dep

The noise is defined as the s.d. of the signal:

N = oS ) =W = St 2 3 () =W -8, (17)

i=pot i=dep

Mean-field analysis. The mean-field analysis was performed on a discrete
version of the synaptic model that is equivalent to the continuous model
described in the text. We discretized the synaptic weights by introducing 1/x
states with synaptic strengths 0, o, 20, ... 1. Every time the synapses are updated,
transitions from one state to one of the neighboring states occur stochastically:

w — w+ o with probability fiq.(w)/a

w — w — o with probability f-q_(w)/a

This model is equivalent to the continuous one if o is small enough. We now
introduce the occupancy Fy (k = 1,..., 1/a), defined as the fraction of synapses
in the k' synaptic state. The occupancies for the synapses that have been
potentiated by the event generating the tracked memory are denoted by Fy*.
Analogously, F~ are the occupancies for the synapses that have been depressed.
When the subscript index k is dropped, F* denotes a vector. The signal is
estimated by

S(t) = n[f, WT(F* (1)

where W is a vector containing the strengths of the synaptic states (W = 0, o,

20,,..., 1) and F* is the set of occupancies for the equilibrium distribution.
To compute the occupancies at time ¢ we proceed as described in refs. 6 and

7: every time a new memory is stored, the distribution of synaptic weights is

= FX) = fWI(E (1) = F)]

updated as a Markov process. Because the mean-field dynamics is the same for
F* and F-, we drop the superscript index * to simplify the notation. Whenever
a new memory is stored, the vector F of occupancies of the synaptic states
undergoes the transformation

F' - F'™m

where M is the matrix of transition probabilities and is 0 everywhere, except
on the diagonal where My = 1 — fiq+(Wy) — fq(Wy), and around the
diagonal where My 4 1 = fig+(Wi), My —1 = f.g-(Wy). After the storage of rt
memories,

FI' — FTm™
In order to compute M" we use its spectral decomposition

m
M = ZﬂvkukaT
k=1

where u and v are, respectively, the left and the right eigenvectors of M
Mv, = Avy, uz‘M = /114;{7 v{u[ =0

Using this,
m
M" = Zil’ukv[
k=1

If the Markov process is irreducible®’, there is a single eigenvalue equal to 1,
whose right eigenvector corresponds to the equilibrium distribution F*. All the
other eigenvalues are smaller. The largest of these, called the subdominant
eigenvalue, determines the speed of convergence to the equilibrium distribu-
tion, and hence the memory lifetime. In other words, for rt large enough, we
find that

(E(0)" = (F*)" +(F(0))" Zypnviy

where F(0) is the distribution after the tracked memory is stored and 4y, is the
subdominant eigenvalue. We can then rewrite the signal as

S(t) & S(0) Ay =~ S(0) exp(—rt(1 — Am)) = S(0) exp(—t/7)

where © = 1/(r(1 — 4p)) is the memory lifetime (here we have assumed that Ay
is close to 1). The expected value of the noise is

N()= \/ﬂf+[(W2)TF*(t) —(WTF*(0))*] + nf-[(W2) " F~ (1) = (WTF~(1))’]

where (W?2) = 0, o2, (20)%, (3%)?,... 1. The noise depends weakly on ¢ because
F* does not cancel out as it does in the case of the signal®. Hence, for large t we
can rewrite the noise as

N = \/nl(W)"Fx — (TP
The signal-to-noise ratio scales as

S(1)

— —t

N~ VAep(=t/)
Such a quantity decreases exponentially with ¢ and it remains above some
threshold 0 as long as

1
t<t ( Elogn - 10g0>

The total time for which the signal-to-noise ratio is larger than 0 is propor-
tional to 7 and to log n (which reproduces the result stated above).

Mean-field simulations. In the mean-field simulations we computed numeri-
cally F*(¢) for all times in order to compute the signal and the noise. We started
from F* = F*. Then, for the synapses which have to be potentiated, F*(0) is
given by

F+(0)T — (FOO)TM+
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where M, is M with f, = 1 and f_ = 0. Analogously for M_, we impose f, = 0

and f_ = 1. For the next time steps we used the equation

FE(1)" = (F(0) M7 = (F) Mo

Note: Supplementary information is available on the Nature Neuroscience website.
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