Columbia University
Department of Physics
QUALIFYING EXAMINATION
Friday, January 12, 2007
9:00 AM - 11:00 AM

General Physics (Part I)
Section 5.

Two hours are permitted for the completion of this section of the
examination. Choose 4 problems out of the 6 included in this section. (You
will not earn extra credit by doing additional problems). Apportion your
time carefully.

Use separate answer booklet(s) for each question. Clearly mark on the
answer booklet(s) which question you are answering (e.g., Section 5
(General Physics), Question 2; Section 5(General Physics) Question 7, etc.)

Do NOT write your name on your answer booklets. Instead clearly indicate
your Exam Letter Code

You may refer to the single handwritten note sheet on 8 %2 x 11" paper
(double-sided) vou have prepared on General Physics. The note sheet
cannot leave the exam room once the exam has begun. This note sheet must
be handed in at the end of today’s exam. Please include your Exam Letter
Code on your note sheet. No other extraneous papers or books are
permitted.

Simple calculators are permitted. However, the use of calculators for storing
and/or recovering formulae or constants is NOT permitted.

Questions should be directed to the proctor.

Good luck!!
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1. Clouds of CN molecules are observed in interstellar space. Each molecule can be
modeled as a rigid rod, with a separation between the carbon and nitrogen nuclei of
1.17A.

(a) Find the approximate energy spectrum associated with rotational excitations of
CN. You can assume the most common isotopes are '*C and "N.

(b) At a temperature of 2.7 K, what is the fraction of the CN molecules that should be
in their ground state? Assume that the molecules do not dissociate.

(c) How would your answers in parts (a) and (b) change for an N, molecule? The
"N nucleus has spin 1, and the spacing between nuclei in an N> molecule is 1.1A.

Useful facts: fic ~ 2 x10° eV-A and kg ~ 8.6x107° e V/K.
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2. Consider a gas of N nonrelativistic fermions with spin 2 and mass m originally
confined in a volume Vj and kept at zero temperature.

(a) Express the kinetic energy of the gas in terms of N and V.
(b) What is the pressure of the gas? Assume that the gas is ideal.

(c) Now the gas 1s allowed to expand to the volume V| >>V, without any energy

exchange with the outside world. Calculate the temperature of the gas after it
reaches an equilibrium due to weak interactions between the fermions.
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3. (a) Estimate the temperature 7 at the center of the Sun, which has a mass M= 2 x 10*
g and a radius R = 7 x 10" cm. Make a crude estimate, neglecting all numerical factors
like 4n.

(b) Explain why the estimate changes for stars with
2

M>>M ——Rg 10*
>> M. = 2"2G"? - g

and estimate T for this case.
G=6.7x 10 ecm’ s? g is the gravitational constant,

Rg=8.3 x 107 erg K" ¢t is the specific gas constant for hydrogen,
a =7.6x10" erg cm™ K™ is the radiation constant.
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Entropy +
S
B A
C D
Pe Pp Pressure

The reversible Brayton engine cycle
A->B—->C—>D—>A4 is shown in the
entropy-pressure (S-F) diagram. During step
D — A, the gas is heated at constant pressure
with the absorption of an amount of heat
Qp, - During step B — C, the gas 1s cooled at
constant pressure with the expulsion of an
amount of heat QJy-~. Let W -, denote the
net work done by the gas during a complete
cycle.

The efficiency of the engine is defined to be the ratio W 5/ Op, (because the expelled

heat (- is considered to be wasted). Consider an ideal gas as the working substance, so

that the heat capacities C, and C, are temperature independent.

(a) Show this cycle in a pressure-volume (P-V) diagram.

(b) Caleulate the efficiency of the engine in terms of €'y, . and the pressure ratio
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5. (a) How much ice at 0°C do you need to make iced coffee at I, = 5°C from 500 g of
coffee at T, = 80°C? The heat capacity of coffee is ¢ = 1 cal/(g °C), the latent heat of
fusion for ice is L,= 80cal/g. You can assume that the coffee mug is thermally isolated.

(b) If you have no ice, but only water at 0°C, how much of it do you need to cool the

coffee to Tf?
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6. A siphon is a device to remove liquid from a container which cannot be tipped. The
tube must be completely filled with water to start the siphon, but once this is achieved,
the liquid will flow through the tube. Consider the siphon shown below and assume that

the container is large compared to the tube.

(a) Show that the water emerges at C with velocity

v, ~ 2g(d+hy)

(b) Calculate the pressure at point B for a siphon with A = 25 cm, d = 12 cm,
and h, =40 cm. The density of water 1s 1000 kg/mB, and you can neglect

viscosity. The atmospheric pressure is 1.0x10° Pa.

(c) What is the maximum height A, that this siphon can lift water ?

B

T

AT ™.
. / //” & \\,\' \

i
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Solution of the Problem on Statistical Physics

Consider a gas of N nonrelativistic fermions with spin 1/2 and mass m originally confined
in a volume Vyand kept at zero temperature.

1. Express the kinetic energy of the gas in terms of Vand V)

(4 points)
At zero temperature the fermions occupy all the states inside the Fermi sphere in the
momentum space. To evaluate the radius of the Fermi sphere pr, one has to recall that
the density of states i the phase space for a eiven direction of the spin is (270)7  ie.
the volume of the Fermi sphere should be equal to the density of the fermions with

. . . 3
given spin times (Z/m)

1

13
: v
i(—pf—j =2 De :(m)(i',—)

3\ 2 ) 20 )
In order to evaluate the total kinetic energy one has to calculate the integral over the
volume inside the Fermi sphere

K )

iﬁi;ﬂF (;:71) <
(factor 2 reflects two possible directions of the spin). As a result
v, pe 30N

K = 7.3 - PN A
7R 10m 1604k ”‘L['o

2. What is the pressure of the gas? You can assume here that the gas is ideal.
(3 points)

Assuming that the gas is ideal we can neglect the energy of the interaction between
the fermions and equate the total energy to the kinetic energy. The pressure of an
ideal gas at zero temperature can be determined as a derivative of the kinetic energy
over the volume

P aE.k’ - 31 ] : Wl
0 ar, 8Ok m L"«"J

3. Now the gas is allowed to expand to the volume I, >> 1 without any energy
exchange with the outside world. Calculate the temperature of the gas after it
will reach the equilibrium due te weak interactions between the fermions,

(S points)
The expansion of the gas without energy exchange with the outside world
conserves the total energy, and the energy per particie uiso remains the same.




~

Provided that ¥, >> ¥, the gas in the final state isjdegenerated and its
B
temperature times Boltzmann constant is of the order of the energy per particle:

S0 13 53 23
PP P N Y N
TN 160w N | Y 1607k m | V,

This is much bigger than the Fermi energy on  particles in the volume V(this
Fermi energy 1s o I",‘m ), 1.€., the gas in the final state is indeed nondegenerated.
in order to determine the prefactor one has to evaluate the distribution function in
the final state, which is characterized by the temperature 7"and the chemical

potential i«
()

—— ILl !
2m +1

kT

ng(p) =|exp

]

In general the parameters of the distribution in the final state, 7 and z, should be
determined from the given number of particles and given kinetic energy:

N N dp p’ d’p
= - E. =V {=—n_
2VI an(p>(2 )] K Ifzm nr (p>(27m)3

In the limit 17 »> T we can avoid solving these twe equations: we expect

Boltzmann distribution in the final state:

- zmz)” o =P )
D=5 ) Y ok,

(To check the numerical facter in this distribution one has to recall that

sl

Ia’xe“%x = %x/;) Now we can use this distribution to connect the temperature
0

with the energy:
372
N [ 2an’ ’ d’ N T s 3
E, =1 Jrr(‘f[ o E‘” .U) px :-?:,-kiTJ'de 0= —k, TN
2V k1 2m (2,7:71)' T 9 4

'\J
(we introduced dimensionless variable x = pz/(Qf;szT)and took into account that

Bl

- 342 I \ . . . . . .
J‘dxe ¢ =47 ) Substituting the expression for the kinetic energy

0

T AT 0m 160am | 1)

I

. T
v, p. 3 (\ }
we obtain the temperature

32 3 7\‘[ !
kBT = ) —/,‘
407t°m | V, |



4.What is the pressure of the gas in the final state?
(3 points)
One can use the ideal gas law P, = Nk,T and obtain

13
\f ~273 [\[5
Pl - jArkBT = ’ 'R 2 1
4 40k m| PV

1
=
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Beloborodov General
Problem 2,
(a) Bstimate temperature T at the center of the Sun, which has mass M = 2 x 103 g and radius

R=7x10"""cm Make a crude estimate, neglecting all numerical factors like dr.
(b) Explain why the estimate changes for stars with
R: ,
1’\/] \}> _/\‘[‘ = —/79—)—“~ ~ 10‘54 g3
a2
and estimate 7" for this case.
G=67x10"% cm? g2 g’l 1s the gravitational constant,

Ry =83 x 107 erg K~' g7! is the gas constant,
a=76x10"" erg cm™ K" is the radiation constant.

Seclution:
{a) The Sun is supported by pressure F against its gravity,

. JALR
R“P«—( —
RZ

P~ oR,T.

Density p may be roughly estimated as o~ M /R, so

M GA? GMTR,
‘[—z' \/gFN *RT, T"\-’ F?’-‘ (1)

This gives T~ 107 I tor the solar s and roodius
This g i 107 I for | | {

(b) Besides the gas, the blackbody radiation contributes to the pressure, P.qq = %aTq. If radiation

dominates the total pressure, the hydrostatic balance gives

o« R

NYE SeANTR N FavE
R2uT? ~ g {f T~ (L . (2)

Comparing equations (1) and (2) one finds the characteristic mass M, above which P,y dominates

and T is given by equation (2) instead of (1)
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A =3 B> C—> D> Aisshown
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- Columbia University
Department of Physics
QUALIFYING EXAMINATION
Friday, January 12, 2007
11:10 AM-1:10 PM

General Physics (Part 1I)
Section 6.

Two hours are permitted for the completion of this section of the examination.
Choose 4 problems out of the 6 included in this section. (You will not earn extra
credit by doing additional problems). Apportion your time carefully.

Use separatevanswer booklet(s) for each question. Clearly mark on the answer
booklet(s) which question you are answering (e.g., Section 6 (General Physics),
Question 3; Section 6(General Physics) Question 6, etc.)

Do NOT write your name on your answer booklets. Instead clearly indicate your
v.xam Letter Code

You may refer to the single handwritten note sheet on 8 Y5 x 117 paper (double-
sided) you have prepared on General Physics. The note sheet cannot leave the
exain room once the exam has begun. This note sheet must be handed in at the end
of'today’s exam. Please include your Exam Letter Code on your note sheet. No
other extraneous papers or books are permitted.

Simple calculators are permitted. However, the use ot calculators for storing
and/or recovering formulae or constants is NOT permitted. Questions should be

directed to the proctor.

Good luck!!
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1. Hawking showed a black hole has an entropy S = k44, where A is the surface area of the

black hole, k, is Boltzmann’s constant, and f is a factor of the form P =ah™G"c? Here ais a

numeric factor of order unity, 4 is Planck’s constant, G is the gravitational constant, ¢ is the
speed of light, and m, n, p are integers. The radius of a black hole can be expressed as

R= 2GM/C2, where M is the mass of the black hole.
Develop a semi-classical argument for black hole evaporation.
(a) Determine m, n, and p and thus g purely on the basis of dimensional arguments.

(b) Find an explicit expression for the entropy as a function of mass M and other constants,

re. S=S(M)

(c) Hawking’s First Law of Black Hole Thermodynamics relates the rest mass energy of the
black hole to its temperature 7 and entropy S by the relation ¢E = TdS. Derive an explicit
expression for the temperature of the black hole as a function of mass, i.e. 7 = M.

(d) Hawking showed the black hole radiates away its rest mass energy as a perfect black
body radiator. Find an explicit expression for how long it take the black hole to radiate
away its mass. Given a lifetime ¢, your expression should be of the form 7 = T (M).
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3. The Farth has a thin atmosphere (thin compared to the Earth’s radius). Assuming the
atmosphere is isothermal (uniform temperature), show that the number density of air molecules

as a function of atmospheric height should have an exponential form: n(h) o exp(~h/hy). where

h is the height above the Earth’s crust. Express the scale height Ao in terms of the relevant
physical parameters (such as temperature and so on), and provide a numerical estimate.

Usetul facts:

The gravitational acceleration at the Earth’s surface iIs g = 9.8m/s’.
The Boltzmann constant is kg = 1.3807x107% Joules/K

The proton mass is: 1, = 1.6726x107 kg
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3. A wire of length £ and I-dimensional mass density g is fixed at botl
direction and is tightened so that there is a tension ¢ along the wire. Small di
the direction perpendicular to the wire satisfy the equation:

1 ends along the x
splacements y along

oy _z 8y
or' ot

(a) Show that the total energy per normal mode is given by
trtn’

4L "
where 4, is the amplitude of the #»" normal mode.

E, =

(b) What is the RMS fluctuation of y at the midpoint of the wire, when it is in equilibrium
with a heal bath at temperature 7 ? Neglect the contribution of zero-point motion.

A useful series is Z(Zm +1)7 = %

m=0
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4. An experimental chamber is equipped with a diamond window. You are planning to use a
green laser light that enters this chamber perpendicularly to this window. What material would
you use to create a single thin film anti-reflection coating (ARC) at the air-to-diamond face?
How thick is the proposed layer? How good of an ARC is it?

a) Please derive the general condition for ARC as the function of the index of refraction of
the three materials.

b) Please provide the general condition for the film's thickness.
¢) Using the data below, determine the best coating material for the film.

d) Discuss the residual reflectivity of the coated diamond. Which is easter to deal with: a
diamond or a glass window?

(Index of refraction of various materials: Teflon 1.35 - 1.3 8. Glycerol 1.4729. Acrylic glass 1.490 - 1.492, Rock salt
1 516, Crown glass (pure) 1.50 - 1.54, Salt (NaCl) 1.544, Polycarbonate 1.584 - 1.586, Flint glass (pure) 1.60 - 1.62,
Crown glass (impure) 1.485 - 1.755, Magnesium Fluoride (MgF,) 1.38, Bromine 1.661, Flint glass (impure) 1.523 -
1.925. Cubic Zirconia 2.15 - 2.18, Diamond 2419, Moissanite 2.65 - 2.69, Cinnabar (Mercury sulfide) 3.02,
Gallium(I1) phosphide 3.5, Gallium(IID) arsenide. 3.927 Stlicon 4.01)
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5. The following problem does not have a precise answer, but it has a range of answers that most
scientists and engineers would agree upon. More importantly, the answer is derived from a set of
(reasonable) assumptions and follows a logical path that most people trained in the sciences
would pursue. This kind of thinking is what is tested here.

(a) How many photons (in the visible spectrum) are in your qualifying exam room right
now? Present the string of estimates and arguments by which you arrive at your number.
(We assume the room has no windows and is illuminated by electrical lighting. If this is
not the case imagine it to be such a room.)

(b) Compare this number with the number of gas molecules in your qualifying exam room.
(¢) Replace the walls and ceiling, but not the floor with mirrors that are 99% reflective. Will
the number of photons in your room change? If yes, by how much? Is it significant, given

the approximations you have made?

(d) If you wanted to increase the number of photons by a factor of 10 what could you do?
Make at least 2 different proposals.
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6. The attached figure shows the Fraunhofer diffraction pattern for a five slit pattern. Assume
that x is much larger than ¢ and b. Assume the wavelength of the incident light to be A, which 1s
much smaller than a. a is significantly smaller than b.
(a) Obtain the interval d between the adjacent sharp strong peaks on the screen.
(b) Explain the reason for reduction of peak intensity shown by the dotted line of the
intensity envelope
(¢) Obtain the distance ¢ on the screen where the intensity becomes zero.
(d) Between adjacent strong intensity peaks, we see three very weak small intensity peaks.
Explain the reason for this phenomenon. Why do we see N-2 such small peaks, where
N=35 is the number of the slits?

Incident
plane _ Screen

Five Slit Diffraction
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General -

Note: the following problem assumes that the students are pro-
vided a list of fundamental constants, including the Boltzmann coun-
stant and the proton mass. If that is not true, these numbers should
be provided for the foliowing problem.

Probiem:

arth’'s radius’.

. ~aow that the

number density of air molecules as a function of atmespheric height should
y ) o
have an exponential form: n{h) ~ exp’-h acl where b is the height above
the Barth's crust. Express the scale height hy in terms of the relevant physical
z 0 !

ad provide a nunierical estimate

parameters [such as temperature and 50 on
You might find it useful to know that the gravitational accelecation at the

. o - a
Farth's surface is 9.8 in/s-.

Solution:

Balancing pressure gradient and gravity, one has dP/dh = —mng where m
15 the mean molecular mass and g is the gravitational acceleration. Adopting
P =nkT, and assuming T is a coustant, we have dnjdh = —mgn/{(kT). which

) b hor with kg = &7/ {meg). A reasonable

can be integrated to give rn(h) o expi-4,

1g point T~ 273K. A reasonabie mass would he

T to assume is the free
307n,. where m, is the mass of the proton. Recall that the nitrogen molecule
weighs about 28m, and the oxygen molecule weighs about 32m,  Thereflore
Ba = AT AR M7 L 273030 < 1RT w1070 w9

The acrual scale height of our atmosphere is about o ki, s

km. A coincidence ..

Vot A owhich s abiour Sk

o - i .
s is not a wad

estimate. Incidentally, the tallest nountains are abour ?
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HOW MANY PHOTONS ARE IN THIS ROOM?

The following problem does not have a precise answer, but it has a range of
answers that most scientists and engineers would agree upon. More imporiantly,
the answer is derived from a set of (reasonable) assumptions and follows a
logical path that most people trained in the sciences would pursue. This kind of

thinking is what is tested here.

A) (7 points)
How many photons (in the visible spectrum) are in your qualifying exam room

right now? Present the string of estimates and arguments by which you arrive at
your number. (We assume the room has no windews and is ilfluminated by
electrical lighting. If this is not the case imagine it to be such a room.)

B) (2 point) _
Compare this number with the number of gas molecules in your qualifying exam

room.

C) (4 points total) -
Replace the walls and ceiling, but not the floor with mirrors that are 9924

reflective. Will the number of photons in your room change? (1 point) If yes, by
how much? (2 points) Is it significant, given the approximations you have made?

(1 point)

D) (2 points total)
If you wanted to increase the number of photons by a factor of 10 what could you

do? Make at least 2 different proposals. (1 point each)

1 9.9.9.0.0.0.0.0.9.0.9.9.9.0.00.90¢ 080 $900.90006090 8009009900000 00000000 00000060000 ¢064

SOLUTIONS:

A) Count the number of neon lights and/or light bulbs in the room. A neon light
uses typically 50W, a light bulb typically 100W of electrical power. The efficiency
(Watts of visible light per Watts of electrical power) may be ~20% for neon lights
and 10% for incadescant lights. Hence both type of bulbs create about 10V of
visible light. Let's assume you counted about 100 bulbs in your room. This
makes for 1kW of visible light. With ~1eV of energy per optical photon this means
that

1000W/1eV~1000W/10 AsecV=10"’photons/sec are being created. Now one
has to determine the lifetime of a photon. Photons are being absorbed by the
walls and objects in the rocm. One may guess that, the reflectivity is about 30%
l.e. a photon makes it about 3 times across the room. Assuming the room is
about 10m x 10m x 5m one may assume a 30m mean free fath, which translates
into a lifetime of 30m/3x10°m/sec=10"sec. This means 102 x 107 = 10'®

photons are in this room at any given mament.




B) One mole is 6 x 10% molecules and fills 22.3 | at ambient conditions. The
room has a vo!umg of 10x10x5~500m™ equivalent to 5x1 0°1/(22 1) ~ 3x10* mole,
equivalent to 2x1 0% molecules. Hence, there are many more molecules than

photons in this room.

C) If you were to replace the walls and ceiling, but not the floor, with highly
reflecting mirrors the mean free path of the photons would extend, but not by
very much. One could argue that you have replaced ~70% of the inner surface
area of the room with ideal reflectors, which would increase the mean free path
of a photon by about a factor of 1/(1-.7)~3. Hence the number of surviving
photons is ~3 times higher at any given instant. This is not very significant given
all of the assumptions that have been made.

D) One can increase the number photons in.the room by two means. Increase
the creation rate (10 times more light bulbs) or increase the lifetime by a factor of
10, by increasing the reflectivity of all objects in the room, such as painting
everything white, covering it with aluminum foil, placing mirrors on the walls and

floors.
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